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The Josephson current between d-wave superconductors is investigated in the framework of tight-binding
lattice model. The junction is modelled by a small number of connecting bonds. It is obtained that the Joseph-
son current through one bond vanishes when at least one of the superconductors has (110) interface-to-crystal
orientation. Interference between the nearest bonds is appeared to be very important. In particular, it is the
interference term that leads to the nonzero Josephson current for (110) orientation. Also, interference of two
connecting bonds manifests itself in non-monotonic behavior of the critical Josephson current in dependence

on the distance between the bonds.
PACS: 74.50.+r, 74.81.—g

Electronic transport through the junctions between
high-T, cuprate superconductors has been the object of
interest for many years. In particular, the dc Josephson
effect has been intensively studied theoretically [1-5].
These investigations were inspired by the fact that su-
perconducting order parameter dominantly exhibits d-
wave symmetry in high-T, cuprates. This was estab-
lished by SQUID-like experiments [6] and the tricrys-
tal experiment [7]. Theoretical investigations predicted
a number of results, which are the consequences of d-
wave nature of superconducting order parameter. For
example, the zero-energy Andreev bound state (ZES)
is formed at junction interfaces [8], what gives rise to
anomalous enhancement of the critical Josephson cur-
rent in d-wave superconductor junctions at low tempera-
tures [1—-3]. Also, for a mirror junction, where the order
parameter on the both sides of the junction is rotated by
the same angle in opposite directions, a non-monotonic
temperature dependence of the critical current was pre-
dicted [1-3]. The temperature dependence of the critical
current was studied experimentally on the grain bound-
aries with well-defined lattice orientation [9-12]. For
mirror junctions the non-monotonic behavior was found
in [12], whereas in other cases a monotonic behavior
was reported [9—11]. In addition, for the 45° asym-
metric junction a sin 2p-like current-phase relation was
predicted [3]. However, in the experiments on the asym-
metric junctions not all samples exhibit the predicted
sin 2¢p-like current-phase relation [12—14].

The theoretical investigations of the Josephson cur-
rent for the junctions between d-wave superconductors
were carried out on the basic of continuous approach
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[1-3] as well as making use of tight-binding lattice
model [5]. The main results of these methods are con-
sistent with each other for the case of planar junctions.
However, the lattice-model approach can not only give
a more realistic description of the electronic structure
of the copper oxide planes of high-7T,. superconductors
and allows to mimic the corresponding Fermi surfaces,
but it also gives the possibility to study electronic trans-
port through quantum point contacts of various types.
The recent advances in the fabrication of nanoscale de-
vices [15—-18] (for a review see [19]) has provoked a
renewed interest in the detailed analysis of models in-
volving a few conducting channels. Josephson current
through quantum point contacts has been investigated in
a number of papers since the pioneer work by Beenakker
and van Houten [20]. The theory describing a single-
mode quantum point contact between two s-wave super-
conductors in a site representation has been developed
in [21-23]. In particular, in [23] single-mode quantum
point contact is modelled by the only bond connecting
two s-wave superconductors. At the same time, to the
best of my knowledge, the junctions between d-wave su-
perconductors through a few connecting bonds have not
been considered yet. Also, interference of the connecting
bonds has not been investigated by now.

The present paper is devoted to these issues. I con-
sider two d-wave superconductors in a mean-field site
representation connected by the only bond or by sev-
eral bonds in the tunnel limit. It is shown that for
the case of several connecting bonds their interference
is very important and leads to the non-monotonic (os-
cillating) behavior of the critical current in dependence
on the distance between the bonds. Furthermore, it is
found that for the (110) interface-to-crystal orientation
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of at least one of the superconductors the Josephson cur-
rent through each separate bond vanishes due to the
symmetry and the current is entirely determined by the
interference term.

The principal scheme of the junction under consid-
eration is shown on the Fig.1. Two superconductors are

N
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,

Fig.1. The scheme of the considered junction. Left and
right superconductors S; and S, are connected by the N
bonds with appropriate hopping elements #1,...,fx

connected by the N bonds with appropriate hopping ele-
ments %1,...,tx. Then the full Hamiltonian of the system
takes the form

H=H+H,+V, (1)

where #,; , correspond to the separate half-spaces and
V contains coupling between them. For the each sepa-
rate half-space we can use the usual mean-field lattice
Hamiltonian in the tight-binding model

Hip = — Zucf’,(r)ca(r) - Z terch(r)e, (') +
r,o r#r! o

+) {Arpel@)el @) + hc}. (2)

r,r’

Here p is the chemical potential; t|r»r are the hop-
ping elements. For d-wave superconductors pairing is
assumed to be nonzero only for the nearest neighbors
Arria = —Aprib = Ag. Here r - are the site posi-
tions; a, b - are the basic lattice vectors (|a| = |b| = 1).
The coupling V between the superconductors is modelled
by

Y=-— Z {i,i,l,,i,rc:f, (rip)eo(rip) +hc}.  (3)

o,i=1...N

As we are interested in the Josephson current in such
a system, the phase difference ¢ between the supercon-
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ductors should be taken into account. It is convenient
to include it into the coupling term V:

Zl‘i,l,!‘i,r = ii ei¢/2’ Zl‘i,n!‘i,l = zi e—i¢/2. (4)

Then we can assume the superconducting gaps A;, and
hopping elements #; to be real numbers in the whole sys-
tem.

Let G(r,r') = G(x,X',wn) be the Green’s function
of the whole system; G’O(r, r') is the Green’s function of
the uncoupled superconductors; G’b(r, r') = Gy (r—r')is
the Green’s function in the bulk of the superconductors.
Then we can represent G via Gy and T-matrix:

G(r,r') = Go(r,r') + E Go(r, ri,a)TﬁJﬁﬁCA}O(rj,ﬂ, r').
«.B=l,r
ii=1...N

(5)

Here all elements are 2 X 2 matrices in particle-hole
space. Then it can be derived making use of Eq.(3) that
T-matrix obeys the following equation:

TP =82 Y Go(viartey)TRy =186:i0a5. (6)
y=I,r
k=1...N

Here [ = r, # = [, and matrices f;?‘ are defined by

S A tiei?/? 0
L (Fr\* _ g
=) = ( 0 ~tie"10/? ) . ©

By the definition the Green’s function Go(r,r') corre-
sponds to the uncoupled superconducting half-spaces.
Then we can write

A

GO(rlar’l‘) = 0) Go(rrarl) = 0) (8)

for any r; € S; and r, € S,. After doing this, we can
resolve Eq.(6) in (I, r)-space:

Tr,r Tr,l B
e Ll -
_( Gha-Gre
(1-GpGy) 't

(1 - éf)éS)_li* (9)
Gj(1 -GGl )

Here symbols with the check are 2V x 2N matrices in
particle-hole and 4,7 = 1...N spaces. Namely T*# =
= Tio’tjﬁ, Z = 2261,] and ég = i?ég (ri,aarj,a)-

Let the y-axis be along the surface in the (a,b)-
crystal plane and the z-axis be the normal to surface.
Then the functions ég = Go (Ti,asTj,o) can also be
obtained from G by the T-matrix technique[24]:

GA’O(zazla ky) = GrA’b(w - wlaky) -
~ A -1 .
— Gol(z =20, ky) [Go(0, k)| Co(o — ', ky). (10)
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Here z is the position of isolating barrier between
the superconductors (see [24] for details) and Gb(m,ky)
is the Fourier transform with respect to k, of the bulk
Green’s function Gy(k) (h = 1):

w/d
~ d N .
G’b(n,ky)zg / Gy, ky)etF==ddk, . (11)
ka=—m/d

I only consider two possible interface-to-crystal orienta-
tions of superconductors: (100) and (110). Then d =1
for (100) orientation and d = 1/+/2 for (110) orientation.
Instead of the usual square Brillouin zone k, = [—m, 7],
ky = [-m,7] I now use the surface-adapted Brillouin
zone given by k, = [-n/d,n/d] and k, = [—nd,nd).
Then for the following calculations we should transform
the Green’s function Go(z, 2', k;) into the full coordinate
representation Go(r,r') = Go(z, ',y — y').

The Josephson current through the barrier can be
expressed by (G - is the upper left part of G’, Wm =
= (2m + 1)7T)

J(¢) = —ZiGTZ Z (iri,l,,i,rG(ri,,,ri,l)—

Wm i=1...N

- ‘t'l'i,ml'i,lG(ri,l’ri,r)) . (12)

Taking into account Eq.(8) it can be obtained from
Eq.(5) that
R R sl
G(rir,rig) = Z Go z',jT;:kGfl kyi»
j,k:]....N (13)
R R P
G(rip, Tir) = Z Gf) i,jTj,I:GS kyit
Jk=1...N

Then for calculating the Josephson current we only
need Th" and T™! elements of T-matrix.

Let us consider now the case of one connecting bond
(i.e. N = 1). Then Eq.(12) can be easily writen ex-
plicitly (the analogous expression for the case of s-wave
superconductors has been derived in [21]):

-, FTFlei® — FTFle—i¢
J(¢) = 26eT Y 200 0707
2F 00

(14)

where Fi'" and Fy'" are the off-diagonal elements of G
and G7 in particle-hole space:

A G§ F§
- (2 F). 09
g G
The denominator in Eq.(14) takes the form
Z(t,¢) =1 - (GGl + Gy G — Fy Fle™ —
~FyFye ) +(GyGy — Fy Fp)(GoGo — FoFy)- (16)

This denominator leads to high-order powers of
transparency (more then first order in D ~ [¢|?) and

is responsible for the deviation of the Josephson cur-
rent from the sinusoidal behavior J(¢) ~ sin(¢). But
for the particular problem it is more important to con-
sider the numerator of Eq.(14). It includes the anom-
alous Green’s functions of the coinciding space argu-
ments F§ = Fy(r*,r*) and F§ (with a = [,7), for un-
coupled superconductors. Here r! and r” — are left and
right ends of the bond connecting two superconductors.
But it is easy to obtain, that for d-wave superconduc-
tor with (110) (i.e. 45°) smooth surface these Green’s
functions are zero: F(r,r) = F(r,r) = 0. This takes
place due to the symmetry of sites positions and appro-
priate hopping elements with respect to the reflection
(y — yi) & —(y — y;) near the considered site (z;,y;)
and simultaneous changing sign of order parameter un-
der the reflection. These symmetry relations result in
impossibility of flowing the Josephson current through
one-bond contact if at least one of the superconductors
is a d-wave superconductor with (110) orientation.

The vanishing of one-bond Josephson current be-
tween (110) d-superconductors is a consequence of d-
wave symmetry of order parameter and has no analogue
for the junctions between s-wave superconductors, where
the current is nonzero for one-bond contact.

Any reasons which do not change the above sym-
metry of the system (for example, surface pair break-
ing) cannot change this statement. But if the symmetry
is destroyed, the nonzero one-bond Josephson current
arises. If asymmetry is small, then current is small also.
The possible reasons, giving the nonzero Josephson cur-
rent through one-bond contact between (110) d-wave su-
perconductors are: 1) not smooth surface of the super-
conductor (ends of facets or surface roughness) at the
distance of the order of & from the bond between the
superconductors; 2) the impurities in the bulk or at the
surface of the superconductor, also placed not far then
&o from the bond; 3) nonzero is-component of the order
parameter or magnetic field.

Let us consider the tunnel limit, i.e. only take
into account the first order of the barrier transparency
D ~ t2. This means that values #; are sufficiently small
and we can neglect G in comparison with 1 in Eq.(9).
It is worth to note that this approximation fails at suf-
ficiently low temperatures due to the divergence of the
Green’s function G at wn, — 0 if the particular surface-
to-crystal orientation of d-wave superconductor leads to
the formation of zero-energy surface bound states.

In the tunnel limit (f < ¢; the temperature is not too
low in the presence of ZES)

T =1*, Thr =14 (17)
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Fig.2. The critical Josephson current in two-bond contact (in units of eAq(T
T = 0.6T., where T, is the superconducting critical temperature.

L = ndy, between the bonds.
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= 0)/h) plotted as a function of the distance
(a) Junction between

superconductors with (100) orientation (b) The same for (110) orientation

Then the expression for the Josephson current takes the
form:

_21,eTZ Z ZZ Fow 0],6i¢_

Wm 1,j=1...N

— F§ . Fg i 5e7). (18)
It can be seen that Eq.(18) contains two physically dif-
ferent parts. First of them is the sum of the terms, which
are proportional to 2. It represents the simple algebraic
sum of currents through each bond separately (compare
with Eq.(14)). But the other terms are proportional to
t;t; and give the interference part of the current. For
the case of the junction with (110)-orientation the inter-
ference part is the only non-vanishing term.

Now I turn to the case N = 2. This is the sim-
plest case for studying of the effects caused by the inter-
ference between the connecting bonds. The results are
presented for junctions between d-wave superconductors
with (100) and (110) orientations. In following the su-
perconducting order parameter is assumed to be spa-
tially constant. Although surface pair breaking is large
for (110) surface orientation, this simplification does not
change my results qualitatively.

In order to calculate the Josephson current Eq.(18)
we need the Green’s functions F(z,z',y — y') and
F(z,2',y —y'). They are obtained in the model of near-
est neighbors with the parameters Ao(T' = 0) = 0.1¢,
u = 0.5t. For this set of parameters T, ~ 0.173¢
and Apmax(T = 0) = 0.35¢t. I present the results for
T = 0.67,, where A¢(0.67;) =~ 0.9A¢(T = 0). The hop-
ping parameters for the tunneling bonds are taken to be
equal {; = #» = 0.1t and the bonds are placed at the
distance L = nd, from each other. Here dy = d ! is
the period of lattice along the surface. For (100) orien-
tation d, = 1 and for (110) orientation d, = v/2. Bonds
Mucema B MIAT® Tom 83
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t connect the last surface layers of sites of both super-
conductors, therefore we should take z = z' = z§u™f or
z=z = a:s‘“f, where x?‘“f are the z-coordinates of the
positions of the last layers in left/right superconductor.
The value y — 3' equals 0 for non-interference terms and
y —y' = +L for interference terms. Then the critical

Josephson current can be written as:

Je = 8eTt >  (|Fo|” + |FLI?) - (19)

Wm

Here the term with Fy = F(y — y' = 0) corresponds
to the current through each bond separately, while the
term with F, = F(y —y' = L) corresponds to the in-
terference part of the current. The critical Josephson
current described by Eq.(19) is presented on Fig.2. As
the current for (110) orientation is entirely due to the
interference term, it goes to zero with increasing of the
distance between the bonds. At the same time for (100)
orientation the current tends to the value determined by
the sum of two independent bonds. The interference part
of the current oscillates and decays with increasing L due
to the vanishing |Ff| at L — oo. It can be seen from
Fig.2 that the characteristic distance between the bonds
to consider them to be independent is & ~ t/Aq. It is
worth to note that the interference part of the critical
current is always positive for both orientations consid-
ered.

In conclusion, in this paper I have studied the
Josephson current through a contact with small num-
ber of connecting bonds between two d-wave supercon-
ductors. It is obtained that the Josephson current can-
not flow through one-bond contact connecting d-wave
superconductors of (110) surface-to-crystal orientation
with smooth surfaces. The expression for the Josephson
current in the junction with arbitrary number of bonds
in tunnel limit is found. It is shown that the interfer-
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ence between the nearest bonds is very important. The

Jos
It i

ephson current in two-bond junction is calculated.
s obtained that the interference of two connecting

bonds manifests itself in non-monotonic behavior of the

crit;

ical Josephson current in dependence on the distance

between the bonds and leads to the nonzero Josephson
current for (110) orientation.
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