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We extend the classical Landau theory for rotating nuclei and show that the backbending in ®*Yd, that
comes about as a result of the two-quasiparticle alignment, is identified with the second order phase transition.
We found that the backbending in '*®Dy, caused by the instability of vy-vibrations in the rotating frame, cor-
responds to the first order phase transition. We suggest the empirical rule to determine the type of the phase

transition in rotating nuclei undergoing a backbending.

PACS: 05.70.Fh, 21.10.Re, 21.60.Jz, 27.70.4q

Quantum phase transitions, that occur at zero tem-
perature as a function of some nonthermal control para-
meter, attract a considerable attention in recent years.
Study of such transitions has been initiated in con-
densed matter physics in order to understand properties
of low-dimensional systems [1] and quantum behavior
in variety of materials at critical points [2]. In nuclear
structure, quantum phase transitions are associated with
transitions between different shapes or geometric con-
figurations of a chain of nuclei in the ground state (cf.
[3, 4]). Spectroscopic data clearly indicate on the transi-
tion from spherical to deformed shapes if one starts from
a nucleus, that has all occupied shells in framework of the
nuclear shell model, towards to the one with a half filled
next shell [5]. Most studies of the quantum phase tran-
sitions in nuclei, based on the interacting boson model
(IBM) [3, 6, 7], confirm the validity of the classical Lan-
dau theory [8] for description of shape-phase transitions
in the ground state.

Although the IBM can be easily extended to a ther-
modynamical limit N — oo, which is well suitable for
the study of phase transitions, the analysis is rather over-
simplified. In fact, single-particle degrees of freedom,
quite important in finite systems, are not properly taken
into account in the model. A general trend found for the
ground shape transitions is less affected by this degree
of freedom. However, it may be crucial for the study
of quantum phase transitions in rotating nuclei, where
statical and dynamical properties are coupled. For ex-
ample, with an increase of a rotational frequency, a rota-
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tional alignment of angular momenta of a nucleon pair,
occupying a high-j intruder orbital near the Fermi sur-
face, along the axis of collective rotation takes place.
The alignment breaks a singlet Cooper pairing in the
pair and decreases the superfluidity of a rotating nu-
cleus. The effect of rotation is similar to the effect of
magnetic field on a superconductor, as was noticed long
ago [9]. In general, the alignment is considered as a main
driving force that leads to a sudden increase of a nuclear
kinematical moment of inertia $(*) = I/Q of the lowest
(yrast) level sequence as a function of a rotational fre-
quency 2, so-called, the backbending phenomenon (see
Ref.[5] and experimental results for 156Dy and '62Yb
in Fig.1). While one observes a similar picture for the
backbending in the considered nuclei (see Fig.la,b), a
different response of a nuclear field upon the rotation
becomes more evident with aid of the experimental dy-
namical moment of inertia () = dI/dQ ~ 4/AE, as a
function of the angular frequency (see Fig.1c¢,d). Indeed,
the dynamical moment of inertia, due to obvious rela-
tion (2 = (M) 4 QdIM) /dQ, is very sensitive to struc-
tural changes of a nuclear field. At the transition point
32 wildly fluctuates with a huge amplitude in '%%Dy,
whereas these fluctuation are quite mild in 62Yb. Con-
tinuing the analogy between the backbending and the
behavior of superconductors in a magnetic field, the dy-
namical moment of inertia is similar to a susceptibility
of a sample. One of the purposes of the present Let-
ter is to interpret the experimental results in 3Dy and
162Yb (see Fig.1) from perspective of the Landau theory
of phase transitions, taking care upon the single-particle
degrees of freedom. We will show that the interplay be-
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Fig.1. Rotational behavior of the experimental, kinemati-
cal 3 = I/Q and dynamical $® = 4/AE, moments of
inertia. Here, QY = E,/2, E, is the vy-transition energy
between two neighboring states that differ on two units
of the angular momentum I and AE, is the difference
between two consecutive -y-transitions. The experimental
data denoted by black squares are taken from [10]. The
experimental rotational frequency at the transition point
is AQ. ~ 0.27,0.32 MeV for %2Yb and °%Dy, respectively.
The results of calculations for ") on plates (a) and (b)
are connected by a solid line

tween the alignment and quantum fluctuations of the
order parameter determines the type of the shape-phase
transition at the backbending.

The phase transition is usually detected by means
of an order parameter as a function of a control para-
meter. In many cases, an order parameter is obtained
with aid of a model consideration. In particular, in ro-
tating nuclei one can suggest a few order parameters like
deformation parameters of a nuclear effective potential,
B and -y, that characterize the geometrical configuration
(cf. [3, 4]), — as a function of the rotational frequency,
i.e., the control parameter. To analyze the experimental
data of above nuclei, we use a cranked Hamiltonian

Ho=H- Y AN, - QJ, + Hp. 1)
7=N,P

The term H = Hy + H,qq contains the Nilsson Hamil-
tonian Hpy and the additional term that restores the lo-
cal Galilean invariance of the Nilsson potential in the
rotating frame. The Nilsson potential naturally incor-
porates the deformation parameters of a nuclear shape
[5]. The interaction includes separable monopole pair-
ing, double stretched quadrupole-quadrupole (QQ) and
monopole-monopole terms. The details about the model
Hamiltonian (1) can be found in Refs.[11, 12].

We solve the Hartree-Bogoliubov (HB) equations for
the Hamiltonian (1) self-consistently. However, in the

vicinity of the backbending, the solution of nonlinear
HB equations becomes highly unstable. In order to
avoid unwanted singularities for certain values of €2, we
followed the phenomenological prescription [13] for the
definition of the pairing gap parameter (see details in
Refs. [11, 12]). Parameters of the Nilsson potential were
taken from Ref. [14]. In our calculations we include all
shells up to N = 9. Near the transition point we ex-
tended our configuration space up to N = 10 shells.
The difference between results from the former and the
latter cases was small and all presented results are ob-
tained with N = 0 — 9 shells. In contrast to standard
calculations with the Nilsson potential, based on a ”sin-
gle stretched” coordinate method (cf. [5]), we take into
account the AN = 2 mixing exactly, which improves
the accuracy of the mean field calculations. The con-
sistency between the mean field and the residual inter-
actions of the Hamiltonian (1) was achieved by varying
the strength constants of the pairing and Q@ interac-
tions in the random phase approximation (RPA). It re-
sults in the separation collective excitations from those
that are related to the symmetries broken by the mean
field. Among them are the conservation of particle num-
bers and space symmetries. The details about the RPA
approach will be presented in forthcoming publication.
Here, we only use the results of the RPA analysis for
the lowest non-spurious quadrupole mode (phonon) in
156Dy and 162YD, since it is related to the shape-phase
transition.

The results for rotational dependence of equilibrium
deformation parameters 8 and v exhibit a transition to
the triaxiality v # 0 at I = 84 — I = 10h in 62Yb and
I = 14h — T = 16A in 155Dy (see Fig.2). We found

/
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Fig.2. Equilibrium deformations in 8 — v plane as a func-
tion of the angular momentum I =< J, > —1/2 (in units
of h)

a stable, single minimum Eq(3,7) = (Hgq) in !%2Yb
that slowly moves on the potential energy surface (8, )
from the axially symmetric shape to the triaxial one with
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the increase of the rotational frequency. In contrast, in
156Dy at the vicinity of the transition point, we have
obtained a coexistence of the axially symmetric (y = 0)
and non-axial (y # 0) configurations. Slightly above
the transition point, the configuration suddenly changes
from the axially symmetric into the triaxial one.

While the rotational evolution of the mean field en-
ergy Eq(8, ) is relatively smooth at the transition point
Q. ~ 0.25MeV in 62YD, there is an abrupt change of
this energy at the transition point A2, =~ 0.3 MeV for
156Dy (see Fig.3). The agreement between experimen-
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Fig.3. The mean field energy minimum Eq(8, v) = (Ha)
as a function of the rotational frequency i for '¢Dy (up-
per panel) and **2Yb (lower panel)

tal and calculated values for the kinematical moment of
inertia (Fig.1), the critical rotational frequency at the
transition point (Fig.3) is quite remarkable. We empha-
size that the additional term (see Ref. [12]), restoring the
local Galilean invariance, plays a crucial role to achieve
such an agreement.

To elucidate the different character of the shape tran-
sition from axially symmetric to the triaxial shape, we
consider potential landscape sections in the vicinity of
the shape transition. It is frequently argued that the po-
tential landscape has to be akin that of classical critical
phase transitions (cf. [3, 4, 6]). Since we analyze a shape
transition from the axially symmetric shape (y = 0) to
the triaxial one (y # 0), we choose the deformation para-
meter 7 as the order parameter that reflects the broken
axial symmetry. Such a choice is well justified, since
the deformation parameter 3 preserves its value before
Mucema B MIAT® Tom 83

BeiI.5-6 2006

and after the shape transition in both nuclei: §; ~ 0.2
for 162Yb and B; ~ 0.31 for 1%6Dy. Thus, we con-
sider a mean field value of the cranking Hamiltonian,
Eq(v;8:) = (Hq), for different values of Q (our state
variable) and v (order parameter) at fixed value of g;.

For 156Dy we observe the emergence of the order pa-
rameter vy above the critical value Q. of the control para-
meter () (see a top panel in Fig.4). Below and above the
transition point there is a unique phase whose proper-
ties are continuously connected to one of the coexistent
phases at the transition point. The order parameter
changes discontinuously as the nucleus passes through
the critical point from axially symmetric shape to the
triaxial one. This transition posses typical features of
the classical first order phase transition.

The RPA analysis of v-vibrational (lowest) excita-
tions of the positive signature in the vicinity of the shape
transition demonstrates a collective nature of this soft
mode. Although two-quasiparticle states align their an-
gular momenta along the axis z (collective rotation), the
axial symmetry persists till the transition point (see also
discussion in Ref. [11]). The mode blocks a transition
to the triaxial shape. However, at the transition point,
this mode is anomalously low in the rotating frame. To
see the connection of this fact to the phase transition
let us consider an axially deformed system, defined by
the Hamiltonian H in the laboratory frame, that rotates
about a symmetry axis z with a rotational frequency €.
The angular momentum is a good quantum number and,
consequently, [jz, O}{] =K OL. Here, the phonon O}(
describes the vibrational state with K being the value
of the angular momentum carried by the phonons 0}(
along the symmetry axis, z axis. Thus, one obtains

[Hq, O} =[H — QJ,, 0} |=(ax — KOO}, = wxOl.
(2)

Here, @k is the phonon energy of the mode K in the labo-
ratory frame at {2 = 0. This equation implies that at the
rotational frequency Q.. = @g /K one of the RPA fre-
quencies wk vanishes in the rotating frame [15-17]. At
this point of bifurcation we could expect a spontaneously
symmetry breaking effect of the rotating mean field due
to the appearance of the Goldstone boson related to the
multipole-multipole forces with quantum number K. For
an axially deformed system, one obtains the breaking of
the axial symmetry, since the lowest critical frequency
corresponds to y-vibrations with K = 2 [15, 17]. The ro-
tation around the x axis couples, however, all modes and,
therefore, affects the actual value of the critical rota-
tional frequency. Thus, we have anomalously low value
of y-vibrations (fluctuations of the order parameter +)
coupled to the other modes, which should be respon-
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Fig.4. The rotational dependence of the order parameter vy (in degrees) and the energy surfaces sections F(,7)

= Eq(7,8t) — Emin for ***Dy (top) and **Yb (bottom) before and after the transition point. The energy is given relative to
the value Emin = Ea(8:,v) at AQ = 0.255, 0.302 MeV for '®?Yb, '*®Dy, respectively

sible for this transition of the first order. Indeed, the
results are in a good agreement with the experimental
data: a half of an experimental value for ~y-vibrations
hog—2/2 = hQcr = 0.345MeV is close to the collec-
tive rotational frequency A, = 0.301 MeV at which the
shape transition occurs. A drastic change of the mean
field configuration leads to large fluctuations of the dy-
namical moment of inertia at the transition point, since
3 = —d?Eq/d?Q. A full treatment of () can be
done only in the RPA (cf. [11]), which is beyond the
scope of the paper and will be presented elsewhere. The
observed phenomenon resembles very much the struc-
tural phase transition discussed within the anharmonic
Landau-type model in solid state physics [18]. In the lat-
ter case a generic first-order Landau model explains the
jump in the order parameter, when a standart soft-mode
theory of the continuos transitions is not applicable (see
also Ref. [2]).

In the case of 162Yb the energy E(f;) (Fig.3) and
the order parameter (Fig.4) are smooth functions in the
vicinity of the transition point {2.. This implies that
two phases, v = 0 and v # 0, on either side of the
transition point should coincide. Therefore, for 2 near
the transition point . we can expand our functional
F(Q,v) = Eq(7, Bt) — Emin (see Fig.4) in the form

F(Q;7)=Fy ()7 +Fa Q)Y +F3 ()7 + Fu ()7 +. ..
3)

The conditions of the phase equilibrium, F /0y = 0 and
8?F/dy* > 0, that should be fulfilled for all values of
Q and « (including v = 0), yield F1(Q) = 0. As a re-
sult, we obtain from the above conditions the inequality
2F;(Q)y? > F»(Q). This inequality holds for all val-
ues of v (including v = 0 at @ = .), which leads to
F>(Q = Q,) < 0. On the other hand, from the stability
condition 82F/8y? > 0 at the transition point . and
~v =0, we also have F»(Q = Q.) > 0. The both inequal-
ities can coincide only when F»(Q = Q.) = 0. Using the
result Fy(Q:) = F2(Q.) = 0 and the fact that all phases
at the transition point should coincide, we obtain from
OF /0y = 0 that F5(2 = Q.) = 0. Assuming that F5 =0
for all ©, the minimum condition dF /9y = 0 yields the
following solution for the order parameter
=0 for Q=90

4)

Since at the transition point F»(€.) = 0, one can pro-
pose the following definition of the function F»(f):
dF>(Q)
~ 5
20 (5)
Thus, we have v ~ (Q — Q.)” and the critical exponent
v = 1/2, in accord with the classical Landau theory,
where the temperature is replaced by the rotational fre-
quency.

B9 #0 for Q#Q,

2 F4(Q)

Mm=0, vs=

F»(Q)

(Q - Qc)-
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Our extension of the Landau-type approach for rotat-
ing nuclei is nicely confirmed by the numerical results.
The polynomial fit of the energy potential surfaces for
162Yb (Fig.4) yields Fy(Q) = F3(Q) = 0 for all consid-
ered values of the rotational frequencies and F>(.) =0
at hQ2. = 0.250MeV. Moreover, in the vicinity of 2,
we obtain dF5(Q)/hdQ < 0 (F4(Q2) > 0 for all Q). In
an agreement with Egs.(4),(5), we have only the phase
v = 0 for AQ) < AQ. and the phase v # 0 for AQ > AQ..
The energy surfaces are symmetric with regard of the
sign of v and this also supports the idea that the effective
energy F' can be expressed as an analytic function of the
order parameter y. Thus, the backbending in 1%2Yb can
be classified as a phase transition of the second order.
The smooth behaviour of the function F' at the tran-
sition point implies a small amplitude of fluctuations
of the dynamical moment of inertia. The RPA analy-
sis of the lowest y-vibrational mode in %2Yb indicates
on the breakdown of the quadrupole phonon. At the
vicinity of the transition point one proton and one neu-
tron two-quasiparticle components dominate (~ 95%) in
the phonon structure and the backbending is caused by
the alignment of the neutron two-quasiparticle configu-
ration.

Summarizing, we have established the connection be-
tween the backbending and the quantum shape-phase
transition in **Dy, caused by the instability of gamma
vibrations in the rotating frame. This is a novel mecha-
nism that complements the standard single-particle one,
related to the alignment. We propose to consider the
onset of the «y-instability at the transition point, accom-
panied with large fluctuations of the dynamical moment
of inertia, that exceed by few times the value of the kine-
matical moment of inertia, as a manifestation of a shape-
phase transition of the first order. We extend the classi-
cal Landau theory for the description of continuos shape-
phase transitions that occur at the backbending. Apply-
ing this theory to the description of the backbending in
162Yb, caused by the alignment of the two-quasiparticle
configuration, we found that the shape-phase transitions
carries all features of the second order phase transition.
We conclude: if the amplitude of the fluctuations of the
dynamical moment of inertia at the critical point is of
the same order of magnitude as the value of the kinemat-

Iucema B MATP® Tom 83 BeIM.5-6 2006

ical moment of inertia, a backbending may be associated
with a quantum shape-phase transition of the second or-
der.
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