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Bifurcations and stability of internal solitary waves
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We study both supercritical and subcritical bifurcations of internal solitary waves propagating along the
interface between two deep ideal fluids. We derive a generalized nonlinear Schrédinger equation to describe
solitons near the critical density ratio corresponding to transition from subcritical to supercritical bifurcation.
This equation takes into account gradient terms for the four-wave interactions (the so-called Lifshitz term and a
nonlocal term analogous to that first found by Dysthe for pure gravity waves) as well as the six-wave nonlinear
interaction term. Within this model we find two branches of solitons and analyze their Lyapunov stability.

PACS: 05.45.Yv, 47.55.—t, 47.90.+a

1. Bifurcations of solitons were first observed for
gravity-capillary waves for the deep water case in the
numerical simulations of Longuet- Higgins [1] and ex-
plained later in [2—6]. In the shallow water case gravity-
capillary solitons also undergo bifurcations. It hap-
pens at a small vicinity of the critical Bond number
Bo = (I./h)? = 1/3 where I, is the capillary length and
h the depth (for details see [7]). Far from Bo = 1/3 soli-
tons represent elevation or depression of the fluid surface
as it was confirmed in the recent experiments [8].

Such bifurcations have a lot of common features with
phase transitions. The analog to the phase transition of
the second kind is a supercritical bifurcation where the
soliton amplitude vanishes smoothly as the critical veloc-
ity is approached. Such a bifurcation occurs due to the
Cherenkov resonant interaction of solitons with linear
dispersive waves. Such a resonance occurs when the soli-
ton velocity coincides with the minimum (or maximum)
phase velocity of linear waves (= critical soliton velocity
Ver). Therefore, as their velocity approaches V., soli-
tons are transformed into envelope solitons: their form
is universal and obtained from the stationary nonlin-
ear Schrodinger equation (NLSE). The soliton amplitude
vanishes as (V —V,,)/2, which is typical for second kind
phase transitions. For subcritical bifurcations, which are
the analog of phase transitions of the first kind, solitons
at the bifurcation point undergo a jump in amplitude.
If this jump is small enough, then the subcritical bifur-
cation is close to the supercritical one. In this case, a
perturbation technique can be developed along the same
lines as, for instance, near tri-critical points. The tran-
sition from the supercritical bifurcation to the subcrit-
ical one occurs when the four-wave coupling coefficient
changes its sign (the nonlinearity changes from focus-
ing to defocusing). As shown by Dias and Iooss [9],
2
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such a transition occurs for internal solitons propagat-
ing along the interface between two fluids when their
density ratio p = p1/p2 < 1 takes the critical value
per = (21 — 84/5)/11 = 0.283. In order to describe the
soliton shape near p.. one needs to take into account
next order terms beyond the classical cubic NLS equa-
tion. As shown in this paper, these nonlinearities come
from taking into account gradient terms for the four-
wave interactions, including a local term relative to the
soliton amplitude and its first spatial derivative (the so-
called Lifshitz term [10, 11]) and a nonlocal term which
has a structure similar to that for gravity waves found
by Dysthe [12], and also the six-wave interaction term.
In this paper we demonstrate how in the framework of
the resulting generalized NLS equation it is possible to
investigate both kinds of bifurcations of interfacial soli-
tons as well as their stability. The stability analysis is
based on the proof of boundedness of the Hamiltonian by
means of the integral embedding inequalities of Sobolev
type.

2. Consider two ideal fluids with different densities
p1,2 in the presence of gravity with acceleration g acting
down the vertical z—axis and capillarity with interfacial
tension o. The light fluid, labelled 1, occupies the region
oo > z > n(x,t), and the heavy one, labelled 2, occupies
the region —oo < z < n(z,t). Flows of both fluids are
assumed to be potential and two-dimensional:

vi2 = V2,

where the velocity potentials ¢, o satisfy the Laplace
equation

Ag, 2 =0, (1)
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with ¢1 2 — 0 as |z| = oo. On the interface z = n(z, t),
there are two (kinematic and dynamic) boundary condi-

tions:
0
£202) =u, @
z=n

i

617 _(_ 8(]51,2
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ot

0¢; 1 0 e
—p (B—tl +5(Vér)? +977) =05 (W) -(3)

As was shown in [16], equations (2), (3) subject to
(1) can be represented in Hamiltonian form for ¥ =

(2 — po1)|z=y and n:
on _SH 9% __oH W
ot 6¥’ ot  on’

where the Hamiltonian coincides with the total energy:

H:%/[U‘I’+(1—p)gn2+20(m—l)] d.

Here the first term is the kinetic energy transformed af-
ter integration by parts and ps = 1. This Hamiltonian
structure is the generalization of the canonical Zakharov
form [13] to interfacial waves. These waves in linear
approximation obey the dispersion relation

p2 (% + %(Vcbz)2 + gn) -

AL o\
wk—(m[g(l—mak ]) NG

which, for p = 0, becomes that for gravity-capillary
waves. In the normal variables aj, equations (4) are
rewritten in the standard form [14]

Bak R 5H

Bt - say (6)
where the Hamiltonian can be expanded in infinite series
with respect to powers of a; and aj. This expansion,
H = Hy + H;,;, starts from the quadratic Hamiltonian
Hy = [wglak|?dk . H;n is responsible for nonlinear
wave interactions. The convergence of this series takes
place if the characteristic slope angle is small: kn < 1.
The simplest solution to equation (6) in the form of a
stationary nonlinear wave depends on x and ¢ in the com-
bination & — V't. For the normal variables it means an

exponential dependence in time, ax(t) = cre V¢, since

W(@,t) = p(@ — V) = \/%_W / ax(t)e* dk.

Here ¢, is time-independent and defined from the equa-
tion
_ 0H int

(wp —kV)cr = 5

= fr- (7

The latter equation can be considered as an equation
for stationary points of the Hamiltonian H for fixed mo-
mentum P = [ k|ci|*dk:

§(H — VP) = 0. 8)

Solutions to equation (7) in the form of stationary soli-
tary waves are possible only when wy — kV is sign-
definite, otherwise a solitary pulse will loose its energy
due to Cherenkov radiation (see [11, 15]). For the given
dispersion relation (5) the solitary wave velocity V must
be less than the minimum phase velocity of internal lin-
ear waves,
. Wk
V.r = min %

As the velocity approaches V.., the amplitude ¢, reaches
a very sharp maximum at the point & = ko, where
the straight line w = kV touches the dispersion curve
W = Wg:

1 —1
cp N iw"nz +ko(Ver = V)| S (9)

Here kK = k — ko and " = 8%*w/0k® = wo/2k% > 0 is
the positive-definite second derivative of wy at the point
k = ko, wop = wg,. Due to nonlinearity this peak gener-
ates multiple harmonics near k¥ = nky with n an integer.
If the amplitude of this peak is small (supercritical bifur-
cation or subcritical one with a small amplitude jump at
V = V.,), then the perturbation theory can be developed
in the form of an expansion of 3 into harmonics:

P(e') = i Yp(X)e*o?' | ' =z —Vt.  (10)

n=—oo

Here the small parameter A = /1 —V/V,. and the
“slow” coordinate X = Az’ are introduced, so that
¥n(X) is the amplitude of the envelope of n-th harmonic
which is supposed to be small with respect to A in com-
parison with the first one. Substituting this ansatz into
Eq. (7) at leading order in A yields the stationary NLSE:

wo 0%t

2
AN woty + m—amz

—plaPYr =0,  (11)
where the interaction Hamiltonian H;,; is restricted to

F(‘l) _ Tkok;koko %

X /c,’;czlck2ck35k+kl,k2,k3 dkldkzdk3dk4 =
=& [t de. (12)
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Here the subscript 1 for v; is dropped, and Tko kokoko 1S
the renormalization of the vertex T' due to the interaction
with the zeroth and second harmonics, corresponding to
the cubic terms in the Hamiltonian. For the given case
of interfacial waves,

kS

— A2 _A2
p 1er(cr )

where A = (1 — p)/(1 + p) is the Atwood number, and
A2 = 5/16 or p., = (21 — 8v/5)/11 [4]. Below per,
the coupling coefficient p is negative, the nonlinearity
is of focusing type and solitons undergo a supercritical
bifurcation: their amplitude vanishes proportionally to
V/Ver — V while their width increases as (V.. — V)fl/2 .
Thus, the NLS approximation improves as the bifurca-
tion point is approached and becomes exact at V = V,.
This type of bifurcation also takes place for gravity-
capillary waves (p = 0). It was observed first in the
numerical experiments of Longuet-Higgins [1] and ex-
plained later in [2-6].

3. For p > p.r, the nonlinearity in (11) becomes
defocusing (u > 0) and therefore, in order to get soliton
solutions, one needs to keep next order terms beyond the
classical NLS. If p is close to its critical value, solitons
retain their envelope character. The next order terms
come from the expansion of four-wave matrix element
Tkl koksks Dear the point k; = ko and from six-wave in-
teractions. The former contains local terms proportional
to @ and nonlocal terms proportional to y (see [18]):

L -
2T 2w

(|k1 — k3| + |k2 — k3| + |k2 — Ka| + |k1 — Kal),

Tkl kaokska

_X
8

where k; = k; — ko and
kg
1+p)’

3k?
16(1+p)

7=( B =

They yield two additional contributions in 7Y (12):

_(4

7 >=% / [l *+2iB (w3 —bar™) 92—y |81 Rlep|?] de

Here k = — 8, H is the positive definite integral operator
and H is the Hilbert transform

Hf(z) = % (P.V. /_Z %) :

The second term is analogous to the Lifshitz term in
phase transition theory [10]. The nonlocal contribution
is associated with the interaction of the soliton with the
low frequency motion induced by the soliton packet. For
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p = 0 the nonlocal term coincides with that first ob-
tained by Dysthe for gravity waves [12]. Due to the pos-
itiveness of -y the nonlocal interaction is of focusing type
and can provide wave localization. Calculations show
(for details see [18]) that the contribution from six-wave
interactions is also of the focusing type:

7 = —c [ |l da,

where the coupling coeflicient C' is found after taking
into account all renormalizations due to three-, four- and
five-wave interactions :

~ 0.228654.

c— M- 289(21 + 8+/5)
wo 49152
The soliton envelope is obtained from the solution of the
following variational problem that arises as a result of
averaging the problem (8) over the ’fast’ spatial oscilla-
tions:

8(H + NwoN) =0, (13)

where the (averaged) Hamiltonian H and the number of
waves IV are given by the expressions:

H-= %/w"|¢w|2dm+ﬁ(4) +HY, N=/|¢|2 dz.

(14)
The variational problem (13) leads to
= Vot + fthes = uh P+ 4BlY1 Y. +
+yk|p[? + 3C|p[*y = 0. (15)

By introducing amplitude and phase, 1 = re‘¥, and sep-
arating real and imaginary parts in (15), it is easy to see

that the phase is expressed through the amplitude,
4k2
Pz = _/Bw_;]"'2a

and therefore it can be excluded from the equation for
the amplitude:

—Xwor + w_ozr” — pr® +yrk(r?) + 3C1r° = 0,
0

4k
(16)

where the six-wave coupling coefficient C' is renormal-
. 4k} . . .
ized: C; = C + w—o"ﬁz. In dimensionless variables

_ V3wl
=T 2k0|lj,| ) T=7T E,
(17)
! A ! 2k0 32
A = —+/3Ciwy, = = ,
VI Y T B850 VBT
2*
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Eq. (16) can be rewritten in the form
N2 4 gy — pur® + 175 + yrk(r?) = 0, (18)

where all primes are omitted and g = sign(p — per)-

Below the critical density ratio (4 = —1) all nonlin-
ear terms in (18) are of the focusing type. As a result
solitons exist in the whole range of A and we arrive at a
supercritical bifurcation: the soliton amplitude vanishes
like AY/2 as A — 0.

Above the critical density ratio solitons undergo a
subcritical bifurcation. In this case, at A = 0, a soliton
solution with finite amplitude can be found explicitly. It
has the form 7 = A (2 + a?) ~1/2 Where the soliton am-
plitude A and its width a are given by the expressions:

A= +2-9v77 43, a= g (-1 +2/7743).

(19)

In the dimensional variables (17), the soliton amplitude
is proportional to v/p — pcr. Hence immediately we have
the applicability criterion of our theory: p — p.r < per-

The algebraic soliton (19) represents the boundary
for the whole soliton family decaying at infinity like
e~*2l. Solitons of this family can be found numerically
by means of the Petviashvili scheme [19]. Figure shows
the dependence of the number of waves versus A for both
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Dependence of N on A for p =0,+1
soliton branches (u+1). For large values of X the soliton
solutions are asymptotically obtained from the equation
—X2p 4 1y + yrkr? + 1% =0, (20)

and these families converge. The asymptotic equation
(20) can be related to the so-called critical NLS equa-
tion (at v = 0 this fact is well known, see e.g. [17]).

In this case the number of waves N = N_, does not de-
pend on A. For solitons above p., the number of waves
approaches N, from above and for the soliton branch
with g = —1 we have convergence from below.

4. The dependence N(A) allows to make some
predictions about the soliton stability based on the
Vakhitov-Kolokolov criterion [20]. This criterion states
that if the derivative ON,/8A? along the soliton family
is negative then solitons are unstable and they are stable
in the opposite situation. The physical meaning of the
quantity —)2 is related to the energy of a soliton as a
bound state. If by adding a particle (that means increas-
ing N) this level shifts towards the continuous spectrum,
then such state is unstable. Therefore we should expect
stability of solitons below p,. It is in agreement with the
stability of the classical NLS solitons [17] considered as
the limiting case of the lower soliton branch as A — 0.
Respectively, this criterion gives instability of solitons
with 4 > 0. However, the Vakhitov-Kolokolov criterion,
derived for the classical NLSE, cannot be applied to our
system strictly speaking.

In order to estimate soliton stability we will use the
Lyapunov theorem and consider the dependence of the
Hamiltonian H (14) evaluating on the class of functions
with N fixed. The scaling transformation

_ 1 T
"= a,l/z'rs (a)’

applied to a soliton solution rs of Eq. (16), makes H a
function of the scaling parameter a:

— 1 1\ p
H(a): (a_ﬁ> E/ngﬁ,

Hy=H(a=1)= i/ur‘ldm.

Hence, for p < 0, the function H(a) is bounded from
below and its minimum corresponds to the soliton solu-
tion with H, < 0. For p > 0, this function is unbounded
from below as ¢ — 0 and has a maximum H, > 0 corre-
sponding to the soliton solution. Another transformation
of the gauge type, ¥ = 9 e’ , demonstrates that this
soliton represents a saddle point of the Hamiltonian and
therefore the upper soliton branch is unstable (at least,
with respect to finite perturbations). For the lower soli-
ton branch both these transformations give a minimum.
Now we show that the lower branch of solitons indeed
achieves a minimum of the Hamiltonian H for fixed N.
The Hamiltonian H (14) written in terms of amplitude
and phase reads

— ~, 1
H:/ [rz2+§r4—%r2kr2—§r6+r2 (¢z +,87'2)2 dx.
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The last term here is positive definite and vanishes ex-
actly on the soliton solutions. The fourth integral can
be estimated as follows:

N2
64, < [ 12 2
/r dw_(N1> /rz dz,

with N; = m/2 [11]. For the integral I = [r2kr’dz,
we can write the following set of inequalities:

/rzk\rzdm < max (r?) /rEr dz <

Conan R 1/2
g/ (r?), dx (/r2dx/rk2rdm> <

< C’gN/rz2 dz.

This inequality can be made sharper by finding the best
constant Cy which coincides with the minimum value for
the functional F {r} = [r?kride ([ r?dz - [r,2dz) "
The corresponding minimizer is obtained for the ground
soliton solution of the equation

2rokrg — 1o + Toze = 0.

It gives Capest = 1/No. Here Ny = [ridz ~ 1.39035.
. 1/2
According to [15] [ridz < %N3/2 ([re2dz) ", Ap-
plying all these inequalities gives the Hamiltonian

boundedness from below:

— N3 ¥y N N?
H>-— |1 (22 L 2
>ia G )]
if

9 ,N{ 3 N?
N <Ns= E72N_:2 +3NZ - Z7F;'
Thus, in accordance with the Lyapunov theorem, soli-
tons from the lower branch with N < N3 are stable
not only with respect to small perturbations but also
against finite ones. The numerical value of N3 = 1.3224
is almost the same as the critical number N, = 1.3225,
defined by solitons of (20).

The authors thank A.I. Dyachenko for valuable dis-
cussions concerning numerical aspects of this paper.
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