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The suggestion that the carriers of the superconducting current frustrate the
magnetic system of a high-temperature superconductor not only disrupts the
antiferromagnetic order but also converts magnetic excitations of the emerging
quantum (Mott) paramagnet into neutral fermions.

The development of high-temperature superconductivity has attracted increased
interest in quantum paramagnetic (Mott) insulators in the past year.! From the very
beginning of the high-temperature boom, it has been more or less clear that the same
charges which carry the superconducting current disrupt the antiferromagnetic order,
frustrating the antiferromagnetic interaction. Two possibilities have been considered.
In Anderson’s RVB model and related models,' the superconducting charges are at
the copper. In Emery’s model,? in contrast, the holes are localized at the oxygen.

There are now many pieces of experimental evidence in support of Emery’s model
(see Refs. 3 and 4, for example). The d® hold band of copper is apparently split
completely into two “Mott-Hubbard subbands,” and the oxygen p band happens to lie
precisely between them. It is thus reasonable to adopt Emery’s model, to use a spin-1/
2 quantum Heisenberg magnetic material to describe the filled lower Mott-Hubbard
subband, and to assume that the deviation from stoichiometry generates a number of
holes in the oxygen p band.

The frustrating effect of the p holes can be understood quite easily in the metallic
limit, in which these holes induce an ordinary RKKY interaction between copper
spins. The frustration generated by a few holes has been discussed in detail by Aharoni
et al®

Wiegmann, Polyakov, and the present author®’ recently constructed a topologi-
cal theory of a 2D quantum Heisenberg magnetic material at zero temperature. In its
excitation spectrum we found neutral fermions, as had been introduced by Pomeran-
chuk® in 1941, in order to describe the properties of quantum paramagnets, and as
have recently been rediscovered by Anderson” in the context of high-temperature
superconductivity. Below I will discuss the role played by frustration within the frame-
work of the topological theory.® In particular, I point out that it is caused by p holes.

In Ref. 6 we worked in the continuum limit, describing a two-dimensional quan-
tum antiferromagnet by means of a three-component vector field n of unit length
(n% = l;& = 123) in a 2 + 1 Euclidean space xyr of quantum statistics. The classical
part of the action is written in the form

aS? [ drd?x (n? + (Vn)*). (1)
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The spin S in front of the integral imposes the correct expansion as S— «. The coefli-
cient a determines the measure of frustration of the original lattice: The value @ =0
corresponds to complete frustration. We now know that in La, Sr{Cu|O and Y|Ba|-
Cu|O the frustration intensity 1/« increases with the concentration of p holes.

The quantity &S? may be understood as the reciprocal of an effective temper.ture

Tegp = 1eS? (2)
of a classical three-dimensional magnetic material with energy (1). A theory of a two-
dimensional quantum magnetic material has recently been discussed on the basis of
this well-known analogy by Wiegmann® and, in particular detail, by Chakravarty et
al.’® At a sufficient density of holes, a 2D quantum magnetic material is in a disor-
dered quantum paramagnetic state, which corresponds to a “hot” classical 3D mag-
netic material. The spin correlation function of a quantum paramagnet is given by the
standard 3D expression
x2 + 2 + 7-2 172
(n(r,7)n(0,0)) ~ exp { — ( yR' ) yo. (3)

s

In this stage we do not yet have any neutral fermions. They appear as a result of
the frustration and the nontrivial topological term in the quantum action. This topo-
logical term is specific to a 2D quantum magnetic material and is a so-called Hopf
invariant &: the mapping S;-.S,, (I15(S,)). H takes on only integer values, H = 0,
+ 1, +2,..., which are the indices of the splitting of the quantum trajectories of the
particles described by action (1). To write an expression for the Hopf invariant, we
need to introduce a “current” Ju» a “magnetic field” £, , and a corresponding “vector
potential” «

. 1 1 ant  an¢
h == Apv fp.u = € uv € ,
Z 87w dx_  ox MY abe
m v

fuv = aay/ax“ - aa”/axy 5 AWy = XyT,abc =123,

We then have
A 1 5 ) 4)
H——-z;fd xd'ra)\])\ .

The nontrivial nature of a Hopf mapping can be seen in the circumstance that (4) is
not local as a functional of the field n.

H disrupts the temporal parity 7— — 7, thereby imposing some stringent require-
ments on the values of the renormalized charge & with which H enters the theory:

. A
[ drd*x (0 + (Yn)?) + inbH. (5)
eff

The square root of minus one here is required for unitarity of theory in the real
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t = _7i. The temporal parity requires that € be an integer. In this case, the contribu-
tion of the topological term to the partition function

Z=§zd(1H|)(—1)"""H (6)

is + 1, and Z does not change under time conjugation, H— — H. In earlier papers®’
we made the tempting assumption @ = 25 and showed that at a high effective tempera-
ture 7,4, i.€., at a high density of holes, the particles described by action (5) are
massless fermions if §=1/2.

At this point it is not clear how we are to extract the topological term in (5) from
a lattice Heisenberg Hamiltonian. The reason is that on a lattice the Hopf textures are
topologically trivial, so there are no mechanisms in the theory itself which could
generate nonzero Hopf invariants. A natural way to obtain them would be to intro-
duce a small unrenormalized constant 0, in the theory to disrupt the temporal parity
and to look at what would happen in the renormalization process. We would hope that
the typical phase diagram would be similar to that in Fig. 1. The p holes might
generate a Hopf term by themselves. In this case, the disruption of temporal parity
would arise from interactions between copper spins, which correspond to closed con-
tours containing an odd number of p-hole lines (Fig. 2). A summation over the hole
spins would then give us the ’s that we need in the Hopf part of the action. For
example,

(;;- (;Px-;)) = 60

(etc.). Furthermore, at first glance, we now see no reason why 8 would have to be an
integer; according to (6), the implication would be the appearance of parafermions.

There is a second way in which a frustration might disrupt a quantum magnetic
order: At a high hole temperature, we do not have any a priori knowledge of just
which type of order will be disrupted as a result of the frustration. It is quite possible
that a marginal ordered state might happen to be a multisublattice noncollinear anti-
ferromagnet, for which the order parameter is the SO(3) group, or the projective
space RP,. The latter can be represented conveniently as a sphere S, with diametrical-

6,

FIG. 1.
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FIG. 2.

ly opposed identified points. The order parameter is thus the four-component unit
vector ¥ (v2 = l;a = 1234) with the joining condition 7= — .

The classical part of the action remains of the same form. The topological term
which disrupts the temporal parity, however, is of a completely different nature. It is
now a trivial degree D of the mapping S;— S5, (I15(S,)). The total action takes the
form

A
J drdix GF + (YO%) + inbD, )

ety

where D is given by the well-known local expression

A 1. . aavb avt avd
D—R—dedxf)\uyV g')a o ajeabcd .
u

It is easy to verify that the term Din (9) cannot alter the nature of the excita-
tions. They remain bosons with a correlation function of the type in (3) in the disor-
dered state. Anderson et al.'! recently presented argument supporting the suggestion
that in the case of a magnetic order describable by the SO(3) group there would be
another factor which would cause excitations to become fermions. They identified the
quantum trajectories of these fermions with stable disclinations IT,(SO(3)) = Z,.

The arguments presented by Anderson et al.'' also apply to a third type of mar-
ginal order, which might in principle be generated by a frustration. In addition to a
simple n or SO(3) we could imagine a so-called spin liquid crystal.’* In it, the states n
and — n would be identical, so in place of S, we would have a projective plane RP,,
where again there exists a stable disclination I1,{RP,) = Z,.

In one way or another, we can distinguish two different classes of quantum disor-
der which might be produced by holes in a 2D Heisenberg magnetic material. In the
first of these classes, in which the nonvanishing order is described by a three-compo-
nent vector n, we would have, presumably depending on the spin S and the density of
the p holes, either a quantum paramagnet, (3), or a fermion (or parafermion) liquid.
In the second class, of a four-component vector v, the excitations are always fermions,
or—if the arguments of Anderson ef al. are not completely convincing—we would
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again have a quantum paramagnet with a correspondingly different structure of anti-
paramagnons in (3).

The pairing mechanisms might be different in the Fermi liquid or the quantum
paramagnet. In the first place, since the charged holes are by assumption at the oxy-
gen, rather than at the copper, the well-known topological restriction”® drops out of
the picture, and a neutral fermion and a hole can form a boson of charge e. Clearly, the
direct Coulomb repulsion would play no role in this process. In order to explain the
half-integer quantization of the flux, however, we would have to assume that in a real
Bose condensate there is a significant portion of bosons with a charge of 2e, whose
formation would now depend substantially on the relation between the Coulomb re-
pulsion between singly charged bosons and the forces produced by neutral fermions. A
scenario based on the presence of singly and doubly charged ions in a condensate
seems particularly likely; as we know quite well from quantum mechanics,'? a pairing
of bosons in the 2D case would be possible if there were any attraction, no matter how
slight. We should of course not forget that there is an old and reliable method to call
on when we are dealing with two impurities ( p holes) in a neutral Fermi liquid.

Without neutral fermions, an attraction between holes in a quantum paramagnet
is produced through an exchange of antiparamagnons, (3), or their analog for SO(3).
Birgenau et al.'* recently calculated the corresponding transition temperature for
La,Sr|CulO.

An exchange of antiparamagnons might of course also prove effective in a Fermi
liquid, if the distance between holes in the pairs turned out to be smaller than the
fermion deconfinement radius.
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