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We formulate a principle of invariance with respect to a discrete subgroup of the
Lorentz group of a 1 + 1 dimensional space which operates independently on
states with different momenta.

PACS numbers: 02.20.Rt, 11.20.Fm, 11.30.Cp

In this letter we examine the triangle equations (or the factoring equations, or the Yang-
Baxter equations). These are the most compact encoded expressions of the hidden sym-
metry of one-dimensional quantum-mechanical or classical integrable systems'™'? and
two-dimensional lattice-statistical models of the Baxter type.* % In this letter we formu-
late a principle of invariance with respect to a discrete subgroup of the Lorentz group of a
1 + 1 dimensional space which acts independently on particle states with different mo-
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menta. It is shown that this symmetry implies that the triangle equations are satisfied for
the two-particle S matrix describing the scattering of the particles.

The triangle equations were first obtained by Yang® in a study of the relativistic -
particle problem with a delta-function interaction, where they ensured the self-consisten-
cy of the Bethe ansatz. The same equations arise in factored relativistic scattering the-
ory®'! and in the two-dimensional statistical lattice models of the Baxter type.*'° The
triangle (Yang-Baxter) equations play a key role in the quantum-mechanical inverse-
scattering-problem method developed by Faddeev et al.,”® and they are also connected
with the classical systems that are integrable by the inverse—scattering—problem meth-
od.'> We shall write the triangle equations in the language of scattering theory for N
different types of particles:
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Here 57 (u, — u,) is a two-particle S matrix; i, ( j,) denotes the type of the initial (final)
particles and assumes values from one to N. The repeated indices k, in Eq. (1) are
summed over from one to N. The quantities u, are the speeds of the three colliding
particles and are related to the energy and momentum by the relations E = mchu and
p = mshu. Any nontrivial solution of equations (1) will lead to the existence of integrable
systems. The question is how to discover these solutions. Meanwhile, it seems surprising
at first glance that such solutions exist at all, because the number of equations in (1) is N ®,
much larger than the number of unknown functions, which is N *.
For equal speeds of the particles u, = u, = u;, Eq. (1), has in addition to the trivial
solutions S '%(0) =1, a solution corresponding to total reflection of the particles:
S '%(0) = P>, where P}: = &/8):. The value of P *isunchanged during isotopic transfor-
mations of both particles before and after scattering
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where G is any N X N matrix. We shall examine a whole-number lattice in the complex
plane of speeds u, = k, + 7k,, where k{k,k,) is a whole-number lattice vector and 7 is a
complex number (Imr > 0). We placean N X N dimensional matrix G, in correspondence
with each point k of the lattice. We require that G, form a representation (projection) of
the Abelian group of displacements on the lattice, i.e., that it satisfy up to a multiplicative
factor the relations

GpGe = Gp e Ggl = GG, =1 (3)

€

Using the matrix G, , one can construct a solution of Eq. (1) at all points on the lattice:
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By virtue of the group properties (3),G, is of the form G, = g*h*:. Here g and h are
matrices corresponding to the two elementary displacements. Equations (3) imply the
commutation relations gh = whg (w is a numerical factor), which ensure the path-inde-
pendence of G, between the origin and point k. It remains to recover an analytic function
S (u) over the entire plane. It follows from Eq. (4) that

it/ 2 o=l [1’7'2 Iy, i izf;‘ ~1.7/;
iy et D=l )i S5 dhgyr =80, 5y (e )iz

(5)
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We require that the matrix.S '*(u) have the same properties for any u. That is, we drop the
indices:

s“(u+1)=g;1 S (u)g, = g, 52 (u) g5, (6)

S2(u+r) =2 exp (2 miu )hl—l'Su(u YAy =X exp(2miu)h, S12(y) h;l. (7)

The two-particle S matrix is uniquely determined by the initial condition and by the
requirement that it be automorphic (Eq. (7)). The solution of Eq. (7) can be found by
expanding in a Fourier series. In order that the function S '*(u) constructed in this way be
a solution of Eq. (1) for all values of u, the matrices g and 4 must satisfy some conditions
which are as yet in general unknown; we shall demonstrate this by an example.

Recall that the argument of the S matrix is equal to the difference u = u; — u, between
the speeds of the colliding particles. Therefore, Eq. (7) represents the requirement that
the two-particle S matrix be invariant under a discrete Lorentz transformation of one of
the initial and one of the final particles with one of the speeds (for example, u,), accompa-
nied by an exchange of these particles for particles of the other kind (transformation with
g and k). We stress that the momentum and kind of the second initial and second final
particle do not change during this transformation.

We now examine an example for which one can explicitly carry out the construction
described above. We take g and / to be matrices for whichg” = 4~ = 1,0 = exp(27i/N).
They can be chosen in the form

. 010...0
o ) 001....0
g = w».,wN-l ) h = .o el ®)
' / 10.0LeL. 07

It will be convenient to introduce a complete set of N X N matrices:
I;=I,, =g"h*a,, =0,.,N — 1. Then, with allowance for the second equations in
(6) and (7) (Z X Z invariance), the S matrix assumes the form
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Here the superior bar denotes Hermitian conjugation. The automorphicity conditions {6)
and (7) and the initial condition, after substitution of Eq. (9), assume the form

Voo (u+1) =0 2 Wa (u); W (uvr) =hexp@miu) o W), (10
V-~ (0 = 1.1 (11)

The solution is obtained by expanding in a Fourier series. It is of the form

Vo =8z (u +9)/04(n). (12)
Here

0 = ; ; a0\, Qmi 22 21

a’(u) —m=-.:xp in (m+T) T+ ﬂq<m+-1v—)<u+ .N_) .

For N = 2 this solution coincides with that examined by Baxter in Refs. 5 and 6. In the
same way, one can construct other solutions as well, including solutions in the form of @
functions of several variables. From the example examined above, it can be seen that Egs.
(6) and (7) reduce the number of independent equations in (1) to the number of indepen-
dent functions. A proof that Eq. (12) is a solution of (1) for any u will be published
elsewhere.

A more interesting question concerns multidimensional (Yang-Mills?!) " integrable sys-
tems. In a pioneering work Zamolodchikov'? examined three-dimensional systems with
properties analogous to Eq. (1). In these systems the role of the particles is played by
infinite relativistic strings, undergoing trinary collisions in a 2 + 1 dimensional space.
The role of the triangle equations is played by tetrahedral equations for the three-string
collision amplitudes S '**(n,,n,,n5). The amplitudes depend in a Lorentz-invariant way on
the unit vectors #;, normal to the world planes of the propagation of the strings. Although
the number of tetrahedral equations (8 thousand) is even still higher than the number of
amplitudes S '», they nevertheless have a simultaneous solution.'? It is possible that this
“miracle” is due to the invariance of the tetrahedral equations and the automorphicity of
S '23(n,n,n,) with respect to the operation of some discrete Lorentz subgroup of 2 + 1
space.

In conclusion, I would especially like to thank A. Zamolodchikov and V. Fateev for
collaboration and many discussions. I am very grateful to I. Cherednik and A. Mikhailov
for explaining to me the two very interesting papers, Refs. 14 and 15. In these papers the
idea of automorphicity with respect to the operation of a finite, discrete group was first
applied to the analysis of the problem of reductions in the Zakharov-Shabat equations. It
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is also my pleasure to thank E. I. Ryabova, G. Babudzhyan, V. Gurarii, S. Manakov, A.

Polyakov, M. Tetel’'man, and G. Eliashberg for help and discussions.
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