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We consider the properties of superconducting bridges (S-C-S junctions) in the dirty limit /<&, at
arbitrary temperatures. We find the dependence of the Josephson current on the phase shift. At T=0 we

have dI/d¢ = — « at the point ¢ = 7.

Superconducting junctions of the constricting type
(S-C-S), such as bridges and point junctions, are pres-
ently under diligent experimental study, and seem to be
of greatest interest for practical applications. At the
same time, in contrast to S-I-S junctions,'!! they have
not been studied theoretically to a sufficient degree.
They have been analyzed so far within the framework
of the Ginzburg-Landau theory, i.e., at temperatures
closeto T, {21 where the properties of the bridges coin-
cide in the main with the properties of Josephson tunnel
junctions, although there are some interesting differ-
ences (see, e.g.,!®?). In this paper we investigate
S-C-S junctions at arbitrary temperatures on the basis
of microscopic equations.

We consider a weak superconducting junction in the
form of a filament of length L and diameter a, joining
two bulky superconducting half-spaces (for the sake of
argument, we consider a filament, but the entire dis-
cussion that follows pertains also to film bridges of
variable thickness!4!), If a<< L and a< £, we can solve
the one~dimensional problem with boundary conditions
specified by the superconducting “edges,” neglecting
the change of the order parameter in bulky supercon-
ductors under the influence of the flowing current; £ is
the coherence length, £(T)=£(0)/VI-T/T,, where £(0)
=vVE,] (I is the mean free path). We consider the case
of a dirty superconductor, I<< ¢, and a>1.

In the dirty limit, we can use for the order param-
eter Usadel’s equations, '3! which follow from the quasi-
classical (in terms of the parameter )\F/ £,) equations of
the Eilenberger superconductivity theory!®" at [« &,.
In the one-dimensional case these equations take the
form
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Alx) = AN(O)nTEF(m, x). 2)

F(w, x) is Gor’kov function integrated over the energies,
A(x) is the order parameter, w=(2n+1)sT, and D
=(1/3)v,l.

The current density is expressed in terms of F(w, x)
by the relation

o oo AF L dF*
is ~—-ezN(0)nTD§(l' I F—d_; >_ (3)
We solve these equations in the interval xe [- L/2,
L/2] with boundary conditions for A(x) and F(w,x) at
x=xL/2;
. A o
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4)

¢ is the phase difference between the edges of the
bridge, and F,=A,/Vw?+ AZ is the homogeneous solution
in the bulky “edges.”

The case of a weak junction corresponds to the limit
L <« &, in which case one can neglect in (1) all the terms
except the gradients. The obtained equations with the

g1, (1)
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boundary condition (4) can be easily solved. Substituting
the obtained solution in expression (3) for the current
(which for convenience is calculated at the point x =0),
we find that the total current through the bridge, at a
phase difference ¢ between the “edges,” is

24 1 A,sin®4
I =--=2 C°9¢/2 aT2 arc tg
Ry “Va?+ Al cos? ¢/2 Vo? s A: cos? /2 .

()

R, is the resistance of the filament in the normal state,
and 4, is the modulus of the order parameter at the
edges in the absence of current, at a given temperature.
An analysis shows that relation (5) between the current
and the phase shift remains valid also when a hyperbolic
model is used for the bridge,?' i.e., in the weak-
coupling limit this relation is insensitive to the shape of
the junction.

At T~T, we have = (rA%/4eR,T,)sin¢. At arbitrary
temperatures, the current is a periodic function of the
phase shift, with period 27; this relation is shown for
different temperatures (7=7T/T,) in Fig. 1. I,(7)
= (rA,/2eR,) tanh(s,/2T} is the critical current cor-
responding to the Ambegoakar-Baratov formula (see'!!).

At T=0, changing in (5) from summation to integra-
tion, we obtain (~7< <)
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P -_l_ . ¢ 2n
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R, cos—5 Ar thein 3 ZeRN'm

(8)

A characteristic feature of the phase dependence of the
current I(¢) is that the derivative (dI/d¢),_, goes to —=
at T=0. We note that a similar behavior of I(¢) is
typical also of S-N-S junctions.'®! At low temperatures
T « T, we have asymptotically (dI/d¢),_,~I,In(T/T,).
The critical current at T=0 is equal to 1.32/,, where
I,=74,/2eR, . A plot of the critical current [, (T) at
arbitrary temperature, is shown in Fig. 2 (the dashed
line is a plot of I, (T)).

We have developed in this paper a theory for the
Josephson effect in short bridges L <. With increasing
length of the bridge, the Josephson behavior gives way
to that of a long filament. In the Josephson model, the
critical length of the bridge at T~T, is L, ~3.65¢,'
and at low temperatures the increase of the slope of the
I(¢) curve at ¢ =7 leads to a decrease in the ratio L /%.
As T—~0 we get L,~£/In(T,/T). Our analysis is valid at
L<L,.

In conclusion, we are grateful to K.K. Likharev for a
discussion of the work and to E. A, Kel’man for help
with the numerical calculations.
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