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Supersymmetrical generators of two-dimensional integrable models of field the-
ory give us examples of interacting fields to which the method of the inverse problem
is also applicable. This circumstance was first pointed out by Ferrara et al.,' who
advanced the hypothesis that the supersymmetrical generalization of the sine-Gordon
equation has an infinite sequence of integrals of motion. The proof of this hypothesis is
given in recent preprints,>’ where the “L-A4 pairs” needed to use the inverse-problem
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method were obtained for the first time, and recurrence formulas were obtained for the
conservation laws.

It is shown in Ref. 4 that all the presently known integrable models of field theory
are gauge-equivalent models of the principal chiral fields. We hope that a similar
situation will be observed also for supersymmetrical generalizations of this model. We
investigate here therefore supersymmetrical generalizations of the model of the princi-
pal chiral fields—superchiral fields—and calculate soliton solutions for them.

Following Whitten,’ we discuss the supersymmetrical model in the language of
superspace in which each point has the usual coordinates x, (1 = 0,1) and additional
anticommuting coordinates 8, (¢ = 1,2) that form a Majorana spinor. We define the
Dirac y matrices and ¢ in the following manner:

(] 0 =i 1 0 i 5 o1 7 +.,0
Y —(i 0>, Y —C 0),y—y/.¢f=¢'y-

We take a classical superfield ) (x,0) to mean a field that takes on a value either on an
even component G ” of Grassmann algebra, or on an odd component G’ (see Ref. 6
concerning Grassmann algebra). Expanding @ in terms of 6, we get

A
d=09 i62(,//1 - i01¢:2 + £6162F,
and furthermore, if $eG ', then @,FeG ', ,€G "; if $€G ", then ®,FeG " i, ,€G'. As-

sume that at each point of superspace there is specified an element g(£,%,8,6,) of the
group"’ SU(N), i.e., a matrix gaﬁ(a,ﬂ = 1,2..¥) that has an expansion

g=(1 +i6,A ~i0 A, +i0,0 F)g. )
and satisfies the unitarity condition

g8t =gte=1 @
or, in terms of the components,

get=gtg=1, A+ A"l"2=0, F+F+-iA1A"2'+i-A2A*1' =0. (3

The supersymmetry of the equations for § means invariance of these equations to

the supertransformation 88 = (€Q)g brought about by the generator Q of the super-
symmetry group

0 (01 ) ( d/a0, + z-azaf)
02 —16/601 - aela,,
€ is an infinitesimally small Majorana spinor. We introduce covariant derivatives that
anticommute with @, :

D ‘(Dl ) -( 3/302 - i023£>
D, ~0/36, + 1018,.'
The action for the superchiral field
S = [d6,d6,d¢dn Sp(D,g Dg* ) @
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leads, when the condition (2) is taken into account, to the equation

D,(D,zg*) - D,(D,gg*) =0 ©)
or, taking into account expansion (1)
2ih, ¢ - liggg*s AN+ T 1A, AT) =0, ©)
2Ry, - ligyg*s AD]+ 3-[A,A2 1= 0, )
(8gg" - iA] )y + (g, 87 = iA] Vg = 0. ®)

We note that in the case of 2 X2 matrices the system (6)—(8) coincides with the super-
symmetrical generalization of the ¢ model.

We introduce the supercurrents #eG’ and 6eG :

=D ggt, o=D,gg* ©)
From (5) and condition (2) it follows that they satisfy the system of equations
D& ~DD=0, D+ DD~ {uv}=0- (10)

The system (10) can be regarded as the condition for the existence of a simultaneous
solution ¥(&,7,8,,0,,4) of the pair of linear problems for all values of the complex
parameter A:

A A A
D,g=Q Ay iy, D =(1-2)10, (11
where § = zZ(g,n,Bl,ﬁz,O) satisfies the system (5).

An important question is that of the “classical vacuum” of superchiral fields. In
the theory of ordinary chiral fields on the SU(N) group the vacuum solution was
naturally chosen to be the diagonal matrices u°(§') = igotgo" , 1°(1) = igo,8¢" Which are
not equal to zero.® The soliton solutions of the equations for # and v emerged asymp-
totically from this vacuum. The internal arrangement of the solitons and the very fact
of their existence depends on which solution #%t° is taken as the vacuum solution.
Proceeding similarly, we start here likewise from diagonal matrices u, and v, satisfying
the equation (10):

b= iX, (&) - 0,u°(&), v, =iX,(g)+0,0°(n). (12)

We calculate the wave function z}o as a solution of Eq. (11)

A (1 0,X,(&) 6, x,(n) OIOZXI(E)Xz(’r)))

= + +
Ve 1+ 1-A 1-22

ifu(£)dE  ifv°(g)dy
X exp ( + )
1+A 1-A
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The procedure of obtaining the soliton solution is a trivial generalization of the results
of Ref. 4 to the case of superspace. We represent the function # in the form

A A=A A\ a
1= S e p
"’(’ AT )"’”

where P is the projection operator (1/’\ 2= 1/’\). It follows from (11) that P satisfies the
system of equations

A - AN A . T -1 A A
(1= PYD, =(1+ X,V u )P=0,(1~P)Dy~(1~A )"ty )P=0
whose general solution is the operator Pthat projects into a space spanning the basis
set

lg‘ (f’ ™ 01’ 02) > = '/'l‘o (f' M 01’ 02’Xo)|eio >

where [e{)), [ = 1,...,k, is some linearly independ/gnt set k of the vectors. We construct
=& (&'|/<{&|&, and then if k =1 we get P=P"' and if k =2, then
g Agh
pt + p? - p'p? - p’p’
1-Sp (p'p?)

etc. Substituting the calculated projector Pin {13) at A = O we obtain the soliton of the
field g.

The soliton solution is a single wave that goes over at an exponential rate to the
vacuum solution. It is in effect the solution of the nonlinear equation for the usual
chiral model and a sequence of linear equations. This can be easily verified by expand-
ing the field in the basis of the Grassmann algebra. The method proposed here makes
it possible to obtain the solution in closed and compact form even in the case when the
number of generators of the Grassmann algebra is infinite.

p-

We note in conclusion that the conditions (11), expressed in terms of the compo-
nents, has a mixed differential-algebraic character which was not encountered earlier
in the inverse-problem method. The use of compatibility conditions of this kind and
the resorting to an expanding superalgebra 8. (i = 1,...,m) may be useful even in the
case when the fields are ordinary functions (and not elements of Grassmann algebra).
The integrals of motion for the model considered here can be obtained in the tradition-
al manner, the generalization of which to superfields is trivial.>?

I take pleasure in thanking 1. Ya. Aref’ev, A.A. Belavin, S.V. Manakov, and P.P.
Kulish for a discussion and helpful remarks in the course of the work, and V.E.
Zakharov for interest in the work.

""We have confined ourselves for brevity to the SU (V) group, since chiral fields on the other groups (SO(N),
Sp(2N)) can be generalized to the supersymmetry case in analogous manner.

'S. Ferrara, S. Sciuto, and L. Girardello, CERN Preprint TH-2474, 1978.
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°L. Girardello and S. Sciuto, CERN Preprint TH-2496, 1978.
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