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The renormalization of the Wiedemann-Franz (WF) ratio in strongly correlated electron systems is ana-
lyzed within the Landau quasiparticle picture. We demonstrate that the WF law is violated: (i) at the quantum
critical point, where the effective mass diverges, and (ii) beyond a point of fermion condensation, where the
single-particle spectrum e(p) becomes flat. Results of the analysis are compared with available experimental

data.
PACS: 71.10.Hf, 71.27.4+a

Introduction. In Landau theory [1, 2], a founda-
tion of understanding of phenomena in condensed mat-
ter, Fermi liquid (FL) is treated as a system of interact-
ing quasiparticles, having an ideal-Fermi-gas-like mo-
mentum distribution, (hereafter we set the Boltzmann’s
constant kg = 1),

n(p) = [1 + ee(”)/T] o . (1)

In the vicinity of the Fermi surface, the FL single-particle
spectrum €(p), measured from the chemical potential p,
also has the ideal-Fermi-gas form

€(p) = vr(p—pr) = pr(p — pr)/M", (2)

where the bare mass M is replaced by a T-independent
effective mass M*. Therefore FL thermodynamic and
transport properties differ from those of ideal Fermi gas
merely by a numerical factor — a feature, inherent in
atomic nuclei, liquid He and conventional metals.

One of the most prominent justifications of the ap-
plicability of the Landau-Migdal quasiparticle picture to
metals is associated with the low-temperature behavior
of the Lorenz number L(T), the ratio of the thermal con-
ductivity x(T') to the product of temperature T and con-
ductivity ¢(T). The T — 0 limit Lo, derived by Som-
merfeld well before the creation of FL theory, equals
3, 4]

. KT
Lo = Iim 20T ~ 32 ®)
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Eq. (3) known as the Wiedemann-Franz (WF) law,
holds in normal states of electron systems of met-
als [5-9], except for i) heavy-fermion metals [10—-12]
CeNiSn and CeColns, ii) an electron-doped material [13]
Pry_,Ce,CuOy4_,, and iii) an underdoped compound
[14] YbBa;Cu3O,. In CeNiSn, the experimental value
of the reduced Lorenz number L(T)/Lo ~ 1.5 changes
little at 7' < 1K that rules out the relevance of phonons
to the violation of the WF law. In the electron-doped
compound Pry_,Ce; CuOy4_,, the departure of the ratio
L(T)/Ly from 1 at T > 0.3K is positive as well and
even larger [13], than in CeNiSn.

Predictions of FL theory, including Eq. (3), fail
in the vicinity of the so-called quantum critical point
(QCP) where the effective mass M* diverges, since at
the QCP, the FL spectrum (2) becomes meaningless.
In a standard scenario of the QCP [15, 16], the di-
vergence of the effective mass is attributed to vanish-
ing of the quasiparticle weight z in the single-particle
state close to points of second-order phase transitions,
implying that the FL quasiparticle picture of phenom-
ena breaks down. In dealing with the WF law, a sce-
nario of its violation, associated with critical fluctua-
tions, is recently advanced in Ref. [17]. However, the
standard scenario of the QCP is flawed [18], and there-
fore in this article, we employ a different topological
scenario of the QCP, where the departure of the Lorenz
number L(0) from the WF value is associated with a
rearrangement of single-particle degrees of freedom, a
phenomenon described within the Landau quasiparticle
picture.
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FL formulas for transport coefficients. Within
Landau theory, relation between conductivities ¢ and
K, and the Seebeck thermoelectric coeflicient S, has the
form [3]

K(T) | o 1 I(T)
o(T)T +5°(T) = e2 I(T) )
Here
S(T) = 7T 5
and
_ e(p)\*( de(p) on(p)
5.(T) __/(T) ( dp )T(f’T) de(p) " (6)

where 7 is the collision time, dv is the volume element
of momentum space, and n(p) is given by Eq. (1).

Overwhelming contributions to the integrals I, come
from a narrow vicinity || ~ T of the Fermi surface. In
Fermi liquids, obeying Landau theory, the Seebeck coef-
ficient S(7T') vanishes linearly with T at T — 0, similarly
to the specific heat, given by

o(T) = - / (@) agg) dv. 1)

Furthermore, in an ideal Fermi gas with impurities, the
two quantities are connected with each other by relation
[19]

BS(T)NAV _
o

where Nja, is the Avogadro number. In interacting
Fermi gases, the single-particle spectrum €(p) is not a
parabolic function of p, and ¢(T) # —1, nevertheless,
the proportionality between S(T') and C(T') holds, and
therefore the contribution of the Seebeck coefficient to
Eq. (4) remains minor.

In conventional Fermi liquids, the group velocity can
be factored out from the integrals (6). The same is valid
for the collision time 7, depending at 7' — 0 merely on
impurity scattering. This yields [3, 4] I,(T = 0) = 0,
and I,(T — 0)/Io(T — 0) = 7?/3. Upon inserting
these numbers into Eq. (4) we do arrive at Eq. (3) that
holds, even if several bands cross the Fermi surface si-
multaneously. Corrections to this result, caused by the
T?-dependence of the resistivity due to electron-electron
collisions, results in the suppression of the ratio L(0) /Lo,
the magnitude of which does not exceed 10-15%.

Violation of the WF law at the topological
quantum critical point. In homogeneous Fermi lig-
uids, the QCP was uncovered first in experimental stud-
ies of a two-dimensional (2D) electron gas [20-23],

qo(T) = -1, (8)
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where the electron effective mass M*(p) diverges at a
critical value r, ~ 7.0 of a dimensionless parameter
rs = vV/2Me?/pp. Results [24] of microscopic calcula-
tions of 2D electron spectra show that e(p,T = 0,7,)
becomes flatter and flatter, as the critical value r;, = 7.0
approaches, at which for the first time the group velocity
v = de(p)/dp vanishes at the Fermi surface. At 7, = 7.0,
the QCP electron spectrum, denoted further e.(p,T =
0), has an inflection point €.(p, T = 0) o (p — pr)>.

At finite T, the QCP group velocity de.(p,T)/dp ac-
quires a finite value [25], and the QCP single-particle
spectrum becomes [26]
pP—DPF V2

e(p,T) = pr

The T-dependence of the effective mass M*(T) is eval-
uated on the base of the Landau equation [1, 2]

de(p) p 1 on(p1) pidps
ap - M + 3/f1(p,p1) apl 7'|'2 ’ (10)

connecting e(p) with the quasiparticle momentum dis-
tribution n(p), given by Eq. (1), in terms of the first
harmonic f; of the interaction function f. If f(q) is an
analytical function of ¢, leading T-dependent contribu-
tions to €(p,T) come from first terms of Taylor expan-

sion of f(p,p1) vs (p — pr) and (p1 — pr). As a result,
one obtains [26]

To evaluate the integrals I, we introduce a new integra-
tion variable €(p) instead of p, then express p — pr in
terms of energy e from Eq. (9) to find

1/3 1/3
Jyo = 6+ 62+T2 62+T2 €
Yivo =13 178 Vi~ 7% " 2)

(12)

where y = p — pr and yo = (3Mpr/vs)'/3. With these
results, the integrals I}, are calculated numerically that
yields

Lqcp(0)/Lo = 1.81. (13)

Thus close to the QCP, the ratio Locp(0)/Lo is en-
hanced as compared with the FL value (3). This result
is agreement with the experimental value of the violation
of the WF law, observed in Refs. [10, 13].

Numerical calculations of the Lorenz num-
ber L(T) through the topological QCP. In this
paragraph we show results of numerical calculations of



886

V. A. Khodel, V. M. Yakovenko, M. V. Zverev

2.0
C () 1 — i 5
C — L/L, i . Tlep
1.5+
C - - K -
- - I
1.0 - ] i
TN BT R B 0 [ I
2.0 1
(b) R
1.5 z

1.0

LILy (K)

e(p) (10 &)

T/SOF

0.7 0.8 09 10 1

| ' Il'- s .{‘ | ' | ' | ' | L | L
1 0.7 0.8 09 10 1.1
Plpr /

Fig.1. The reduced Lorenz number L(T)/Lo together with the ratio K (T') = 3I2(T)/n*Io(T) (left panels) as functions of the
reduced temperature T'/e%, the occupation numbers n(p) (middle panels) and the single-particle spectrum (right panels) cal-
culated at different line-type-coded temperatures with the interaction function (14) for five different sets of input parameters,
which correspond to five different cases: Fermi liquid with the effective mass M* /M ~ 6, i.e. quite far from the QCP (panels
(a)); Fermi liquid with M*/M ~ 80, which is close to the QCP (panels (b)); system at the QCP (panels (c)), the state just
beyond the QCP, with p; — p1 ~ 0.14 pr (panels (d)) and the state well beyond the QCP, with p; — p1 ~ 0.31 pr (panels (e))

Eq. (10) with an interaction function f, having the ana-
lytical form

A

190~ gy v o

(14)

where the parameter A is fixed, while the parameter o,
depending on 74, is chosen to provide the best agree-
ment with the microscopic spectrum. Results of calcu-

lations of the momentum distribution n(p,T) and spec-
trum €(p, T') at different values of a are given in the sec-
ond and third columns of Fig.1 respectively. On the FL
side, (the upper panels (a) and (b)), of the QCP, located
at a = 0.479, the spectrum €(p, T') has the standard FL
form (2) that holds until the effective mass M* attains
values ~ 102M. The QCP spectrum e.(p,T), with the
group velocity vg(T') vanishing at T = 0 is in the third
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Fig.2. Same as in Fig.1 calculated with the interaction function (16) for Bpr = 3 and four values of the parameter g in units
of M~': 3.0 (Fermi liquid, panels (a)), 3.55 (QCP, panels (b)), 3.9 (the state with the FC fraction prc/p = 0.1 panels (c)),

and 4.8 (the state with prc/p = 0.5, panels (d))

panel (c¢). It differs from the FL one in two aspects.
First, at T — 0 it has the inflection point. Second, its
form drastically changes with T elevation.

Having at hand the spectrum e(p), the transport
integrals (6) are straightforwardly evaluated. Results
of calculations of the functions L(T) and K(T) =
= 3I;(T) /w21y (T) are shown in the first column of Fig.1.
The upper panel (a) of Fig.1 illustrates the situation on
the FL side of the QCP (a = 0.520, M*/M = 6). We
observe no deviations from the FL predictions. As seen
from the panel (b), the WF law also holds in the im-
mediate vicinity of the QCP (a = 0.482, M*/M = 80).
However, the departure from FL theory, associated with
the temperature dependence of the spectrum e(p, T'), be-
comes well pronounced in both the ratios K = 3I>/m%I
and S = I; /I, already at extremely low 7' ~ 10~ 3¢%.
The QCP results are shown in the middle panel (c).
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We see that the WF law is, indeed, violated: the ratio
L(0)/Lg turns out to be in excess of 1, in agreement
with the above result (13).

Results, shown in two lower panels (d) and (e), where
a = 0.475 and a = 0.472 correspondingly, demonstrate
that as the system goes away from the QCP, the value
of the group velocity vg (T = 0) turns out to be finite
again, and the WF law (3) is recovered. However, al-
ready at T ~ 10_4601;-, even lower, than on the FL side,
the Lorenz number L(T) becomes T-dependent.

Topological phase transitions in strongly cor-
related Fermi systems. As seen from the panels (d)
and (e), beyond the QCP, equation

€(p) = p (15)

has three roots p1 < pa < ps, the curve €(p,T = 0)
crosses the Fermi level three times, and occupation num-
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bers n(p,T = 0) become: n(p) =1 at p < p;, while at
p1 < p < p2, n(p) = 0; at po» < p < p3, once again
n(p) =1, and at p > p3, n(p) = 0. Thus at the coupling
constant g > gqcp, the Fermi surface becomes multi-
connected. This is a typical topological phase transi-
tion, at which no one symmetry, inherent in the ground
state, is violated [27—30]. In another type of the topo-
logical transitions, the so-called fermion [31-36], the
roots of Eq. (15) form an uncountable set. Solutions of
Eq. (15), called the fermion condensate (FC), exist in
a whole domain C, giving rise to swelling of the Fermi
surface. Remarkably, the presence of the FC results in
breaking of the particle-hole symmetry, that exhibits it-
self in a marked violation of the WF law.

True, if the interaction strength is small, the solutions
of Eq. (19) do not meet the restriction n(p) < 1. How-
ever, beginning with a critical constant, i.e. at g > grc,
these solutions, smooth functions n,(p), meet this re-
striction wherever. Thus on the Lifshitz phase diagram,
the FL phase occupies a region g < gqcp, a domain
gqcp < g < grc is occupied by the phase, having the
multi-connected Fermi surface, while a domain g > grc,
by the FC phase.

Breaking of the particle-hole symmetry and
the WF law in systems with a fermion conden-
sate. It is worth noting that if the interaction func-
tion f(q) possesses a singularity at ¢ = 0, then the
Lifshitz phase diagram, constructed above, alters, since
the phase with the multi-connected Fermi surface dis-
appears, and at g > gqcp the system contains the nor-
mal quasiparticles and a FC fraction that grows linearly
with the difference g — gqcp. This situation is conve-
nient for the demonstration of the impact of breaking of
the particle-hole symmetry in systems with a FC on the
violation of the WF law. In what follows we address a
model with the interaction function

f(q) = gexp(—Pa)/q- (16)

The structure of the FC, emerging at g > gqcp, is
found with the help of formulas, given in Ref. [33]. It is
shown in Fig.3. As seen from Fig.3, the model derivative
dn(p)/dp has peaks at both the boundary points of the
FC region. Notably vicinities of these points contribute
overwhelmingly to the transport integrals I, since the
single-particle spectrum ¢(p, T = 0) identically vanishes
inside the FC domain. Outside this domain [33],

de(p, T = 0) .

o @) (17)

This power behavior results in a marked violation of the
WF law. Indeed, upon inserting Eq. (17) into Eq. (6)

one finds that major contributions to every of the inte-
grals I, proportional to T'/2, come from the exterior
of the FC domain, while its interior ensures minor ones,
proportional to T'. This conclusion is confirmed by re-
sults of numerical calculations, shown in Fig.3.
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Fig.3. The transport integrals Io (solid lines), I1 (dashed
lines) and I» (short-dashed lines) in log-log scale as func-
tions of reduced temperature T'/e%, calculated with the
interaction function (16) for Bpr = 3 (left column) and
Bpr = 30 (right column) and four values of the parameter
g corresponding to FL (upper panels), the QCP (second
line of panels), and to the states with 10% (third line) and
50% (lower panels) of quasiparticles in the FC

The transport integrals I are calculated numeri-
cally. In Fig.3, we show results of these calculations,
performed with the value of the dimensionless parame-
ters Bpr = 3 and Bpr = 30. As seen from this figure,
at the QCP and beyond it the integrals Io(T = 0) and
I (T = 0) has the same order, implying that in contrast
to FL theory, the T = 0 value of the Seebeck coeffi-
cient S(0) = I1(0)/elo(0) differs from 0, an exhibition of
breaking of the particle-hole symmetry, occurring in any
system with a FC. On the other hand, the ratio L(0)/Lo
turns out to be even larger than at the QCP. Further-
more, calculations demonstrate that with increasing 3,
the value of this ratio increases as well, i.e. the longer
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the radius of the interaction function (16) in the coor-
dinate space, the larger is the departure from the WF
law.

Anisotropy of the violation of the WF law
close to the QCP in heavy-fermion metals. The
anisotropic Fermi surface of the majority of heavy-
fermion metals has a sector, where at T' — 0, the quasi-
particle group velocity vp keeps a finite value, implying
that the WF law holds. However, recently in experimen-
tal studies of CeColny in external magnetic fields, close
to the critical value H,, suppressing superconductivity
of this metal, the WF law was found to be violated [12].
The violation is anisotropic that cannot be attributed
to the collapse of collective degrees of freedom. On the
other hand, close to the topological QCP, the conductiv-
ity tensors o ox <wv;vr> and ki, x <e(p)v;vr> become
anisotropic, and this anisotropy is well pronounced in
sufficiently large magnetic fields. Indeed, the magnetic
field does not affect the z-components of the velocity v,
parallel to its direction. As a result, the particular QCP
T-dependence of the integrals I holds, triggering the
violation of the WF relation L,, = 0,,/Tk,, = n*/3€?.
On the other hand, the electron motion is completely re-
arranged in the direction, perpendicular to H that leads
to a considerable increase of the respective components
of the group velocity and the suppression of the depar-
ture of the respective components of the ratio L from
their WF value.

Conclusion. In conclusion, we have demonstrated
that flattening of single-particle spectra €(p) of strongly
correlated electron systems considerably changes their
transport properties, especially beyond the point of
fermion condensation due to breaking of the particle-
hole symmetry. Results of our analysis demonstrate that
search for the violation of the WF law in new materials
should be confined to electron systems without disorder,
possessing, nevertheless, a sufficiently large resistivity,
the fact, justifying a minor role of light carriers. One
more distinguished feature of systems, where marked de-
partures from the WF law can exist, is related to the en-
hancement of the Seebeck coefficient S(T" — 0) and the
ratio ¢(T — 0) = eS(T — 0)/C(T — 0). Interestingly,
these features are inherent in the heavy-fermion metals
where the violation of the WF law was observed. In-
deed, in CeNiSn, the ¢ value exceeds 10% [19]. Its value
is markedly enhanced in compounds Pry_;Ce;CuO4_,
as well [37].

We gratefully acknowledge discussions with
J.Paglione, F.Steglich, L. Taillefer and M.A. Tanatar.
This research was supported by the McDonnell Center
for the Space Sciences, by Grant # NS-8756.2006.2
from the Russian Ministry of Education and Science,

IIucema B MITP® Tom 86 BBIm. 11-12 2007

and by Grants # 06-02-17171 and # 07-02-00553 from
the Russian Foundation for Basic Research.

1. L.D. Landau, JETP 80, 1058 (1956); Sov. Phys. JETP
3, 920 (1957).

2. L.D. Landau and E.M. Lifshitz, Course of Theoreti-
cal Physics, Vol.5, Statistical Physics, 3rd Ed., Nauka,
Moscow, 1976; Addison-Wesley, Reading, MA 1970.

3. E.M. Lifshitz and L.P. Pitaevskii, Physical Kinetics,
M.: Nauka, 1979, p. 398.

4. N.W. Ashkroft and N.D. Mermin, Solid State Physics,
HRW, Philadelfia, 1976.

5. H.R. Ott, O. Marti, and F. Hulliger, Solid St. Comm.
49, 1129 (1984).

6. A. Amato, et al., J. Magn. Magn. Mater. 63-64, 300
(1987).

7. S. Kambe et al., J. Low Temp. Phys. 117, 101 (1999).

8. R.T. Syme, M. J. Kelly, and M. Pepper, J. Phys.: Con-
dens. Matter 1, 3375 (1989).

9. F. Ronning, R. W. Hill, M. Sutherland et al., Phys. Rev.
Lett. 97, 067005 (2006).

10. S. Paschen, B. Wand, G. Sparn et al., Phys. Rev. B 62,
14912 (2000).

11. J. Paglione, M. A. Tanatar, D. G. Hawthorn et al., Phys.
Rev. Lett. 97, 106606 (2006).

12. M. A. Tanatar, J. Paglione, L. Taillefer, and C. Petro-
vich, Science 316, 1320 (2007).

13. R.W. Hill, C. Proust, L. Taillefer et al., Nature 414,
711 (2001).

14. N. Doiron-Leyrand, M. Sutherland, S. Y. Li et al., Phys.
Rev. Lett. 97, 207001 (2006).

15. P. Coleman, C. Pepin, Q. Si, and R. Ramazashvili, J.
Phys.: Condens. Matter 13, R723 (2001).

16. P. Coleman and C. Pepin, Physica B 312-313, 383
(2002).

17. D. Podolsky, A. Vishwanath, J. Moore, and S. Sachdev,
Phys. Rev. B 75, 014520 (2007).

18. V.A. Khodel, JETP Letters, to be published [cond-
mat/0709.3653].

19. K. Behnia, D. Jaccard, and J. Flouquet, J. Phys.: Con-
dens. Matter 16, 5187 (2004).

20. A.A. Shashkin, S. V. Kravchenko, V. T. Dolgopolov, and
T. M. Klapwijk, Phys. Rev. B 66, 073303 (2002).

21. V.M. Pudalov, M.E. Gershenson, H. Kojima et al.,
Phys. Rev. Lett. 88, 196404 (2002).

22. A.A. Shashkin, M. Rahimi, S. Anissimova et al., Phys.
Rev. Lett. 91, 046403 (2002).

23. A.A. Shashkin, A.A. Kapustin, E. V. Deviatov et al.,
cond-mat/0706.3552.

24. V.V. Borisov and M.V. Zverev, JETP Letters 81, 503
(2005).



890 V. A. Khodel, V. M. Yakovenko, M. V. Zverev

25. V.R. Shaginyan, JETP Letters 77, 99 (2003); 79, 344 31. V. A. Khodel and V.R. Shaginyan, JETP Letters 51,
(2004). 553 (1990).

26. J.W. Clark, V. A. Khodel, and M. V. Zverev, Phys. Rev. 32. G.E. Volovik, JETP Letters 53, 222 (1991).
B 71, 012401 (2004). 33. V.A. Khodel, V. V. Khodel, and V.R. Shaginyan, Phys.

27. M. V. Zverev and M. Baldo, JETP 87, 1129 (1998); J. Rep. 249, 1 (1994).
Phys.: Condens. Matter 11, 2059 (1999). 34. P. Nozieres, J. Phys. I France 2, 443 (1992).

28. A.A. Artamonov, V.R. Shaginyan, and Yu.G. Pogo- 35. V.A.Khodel, M. V. Zverev, and V. M. Yakovenko, Phys.
relov, JETP Lett. 68, 942 (1998). Rev. Lett. 95, 236402 (2005).

29. D.N. Voskresensky, V.A. Khodel, M. V. Zverev, and  36. G.E. Volovik, Springer Lecture Notes in Physics 718,
J.W. Clark, Astrophys. J. Lett. 533, 127 (2000). 31 (2007) [cond-mat/0601372].

30. J. Quintanilla and A.J. Schofield, Phys. Rev. B 74,  37. P. Li, K. Behnia, and R.L. Greene, Phys. Rev. B 75,

115126 (2006).

0205506 (2007).

IIucema B MITP® Tom 86 BHIM.11-12 2007



