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We simulate atomic ballistic transport in a standing-wave laser field in the framework of a Monte Carlo
stochastic wavefunction approach in which the coherent Hamiltonian evolution is interrupted at random times

by spontaneous emission events. It is shown in numerical experiments and confirmed analytically that the
character of spatial and momentum diffusion of spontaneously emitting atoms changes abruptly in the atom-
laser detuning regime where the deterministic Hamiltonian dynamics has been shown to be chaotic. Thus, we
find a manifestation of underlying Hamiltonian chaos in the diffusive-like center-of-mass motion which can be

observed in real experiments.
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The mechanical action of light upon neutral atoms
[1, 2] is at the heart of laser cooling, trapping, and
Bose-Einstein condensation. Atoms in an optical lat-
tice, formed by a laser standing wave, is an ideal system
for studying quantum nonlinear dynamics. Operating
at low temperatures and controlling the lattice parame-
ters, experimentalists now are able to tailor practically
one-dimensional potentials and manipulate with internal
and external degrees of freedom of atoms. Experimen-
tal study of quantum chaos has been carried out with
ultracold atoms interacting with a periodically modu-
lated optical lattice [3]. To suppress spontaneous emis-
sion (SE) and provide a coherent quantum dynamics,
atoms in those experiments were detuned far from the
optical resonance. Adiabatic elimination of the excited
state amplitude leads to an effective Hamiltonian for the
translational (external) motion [4] of a 3/2 degree-of-
freedom classical analogue which has a mixed phase
space with regular islands embedded in a chaotic sea.
De Brogile waves of ultracold atoms have been shown to
demonstrate under appropriate conditions the effect of
dynamical localization which means quantum suppres-
sion of chaotic diffusion [3, 4]. Decoherence due to spon-
taneous emission tends to suppress this quantum effect
and restore classical-like dynamics [5].

A new arena of quantum nonlinear dynamics with
atoms in optical lattices is opened if we work near the
optical resonance and take the internal dynamics into
account. In the Hamiltonian approximation, when one
neglects SE, the coupling of internal and external atomic
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degrees of freedom has been shown to produce a number
of nonlinear effects in rigid (i.e. without any modula-
tion) optical lattices: chaotic Rabi oscillations, chaotic
atomic transport, dynamical fractals, and Lévy flights
[6, 7]. In reality the dynamics of atoms in near-resonant
laser fields is not deterministic and continuous because
of SE. The problem of interrelation between determinis-
tic chaos and noise is rather general. Real systems are
subject to noise which, usually, acts continuously. If the
noise is comparatively weak we can study in which way
it modifies the deterministic evolution solving perturbed
Hamiltonian equations of motion. Spontaneous emission
is a kind of a shot noise which is not small because it
may cause the significant change in the internal state.

In this Letter we demonstrate analytically and nu-
merically that the character of spatial and momentum
diffusion of spontaneously emitting atoms changes qual-
itatively in the detuning regime where the underlying
Hamiltonian dynamics has been shown to be chaotic in
Ref. [6, 7].

In the frame rotating with the laser frequency wy, the
Hamiltonian of a two-level atom in a strong standing-
wave 1D laser field has the form

- p? 1 .
H= o, + ih(wa —wg)o, —
- T
—hQ(6_ + 64)cosks X — ih§&+&_, (1)

where 6 , are the Pauli operators for the internal atomic
degrees of freedom, X and P are the atomic position and
momentum operators, w,, wy, and {2 are the atomic tran-
sition, laser, and Rabi frequencies, respectively, and I" is
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the spontaneous decay rate. Internal atomic states are
described by the wavefunction |¥(t)) = a(t)|2) + b(t)|1)
with a and b being the complex-valued probability am-
plitudes to find an atom in the excited |2) and ground
|1) states. Note that the norm of the wavefunction,
la|? + |b|?, is not conserved due to the non-Hermitian
term in the Hamiltonian.

We use the standard Monte Carlo wavefunction tech-
nique [8] to simulate the atomic dynamics with the cou-
pled internal and external degrees of freedom in an op-
tical lattice. The evolution of an atomic state |¥(t))
consists of two parts: (1) evolution with continuously
decaying norm of the atomic state vector without the
emission of an observable photon and (2) jumps to the
ground state (a = 0, |b|> = 1) each of which is accompa-
nied by the emission of an observable photon at random
time moments. The decaying norm of the state vector
is equal to the probability of spontaneous emission of
the next photon. It is convenient to introduce the new
real-valued variables normalized all the time
2Re (ab*) —2Im (ab*) _ |a)® — b
lal* + [’ lal> + o " " lal” + p*’

(2)
which have the meaning of synphase and quadrature
components of the atomic dipole moment and the pop-
ulation inversion, respectively. Note that the length of
the Bloch vector, u? + v2 4+ 22 = 1, is conserved.

Since we study manifestation of quantum nonlinear
effects in a ballistic transport of atoms, when the aver-
age atomic momentum is very large as compared with
the photon momentum Ak, the translational motion is
described classically by Hamilton equations. The whole
atomic dynamics is governed by the following Hamilton-
Schrédinger equations [9, 10]

u = v

oo
T =w,p, p=—usinz+ ijJ(T —Tj),

v <
= Av+ §uz—uz5(T—Tj)>
j=1
"/ (o o]
U= —Au+2zcosz + Evz—vzlis(T—Tj)a
= (o]
z=-2vcosz — J(u? +v%) — (2 +1) 3 (7 — 1),

i 3)

where z = k;(X) and p = (P)/hk; are normalized
atomic center-of-mass (CM) position and momentum.
The dot denotes differentiation with respect to the nor-
malized time 7 = Qt. The values of the normalized
decay rate v = I'/Q and the recoil frequency w, =
= hk}/m,Q are chosen to be v = 3.3 -107% and
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w, = 1072, and they are similar to those used in exper-
iments with cold Cs [11] and Rb atoms [12] in a strong
laser field with the maximal Rabi frequency in the range
1-5 GHz. So, the normalized detuning between the field
and atomic frequencies, A = (wy — w,)/Q, is a single
variable parameter. In Egs. (3) 7; are random time mo-
ments of SE events and p; are random recoil momenta
whose projections on the axis z are between +1 (1D
case). The rate of occurrence of SE events is y(z+1)/2.
The atomic variables change as follows just after jth SE:
p—=p+piH,u—0,v—0, 22— -1

Equations (3) with ¥ = 0 and without the terms
containing delta-functions describe Hamiltonian coher-
ent evolution of the internal and external degrees of free-
dom of an atom without SE that has been shown [6] to be
chaotic (in the sense of exponential sensitivity to small
changes in initial conditions) in certain ranges of the pa-
rameters w, and A and initial momenta. In particular,
it has been found that at |A| < 0.1 atoms, whose energy
H =w,p*/2—ucosz— Az/2is in the range 0 < H < 1,
may wander in an optical lattice with alternating trap-
ping in wells of the optical potential and flights over its
hills. It is a specific kind of a random walking that may
occur without any modulation of the lattice parameters
and/or any noise like SE [6, 7].

In this Letter we study ballistic atoms which never
change the direction of motion. It has been shown in
Ref. [7] that without SE the momentum of a ballistic
atom may oscillate in a deterministic but chaotic way
around a mean value (p). In which way the chaos in the
underlying Hamiltonian coherent evolution can manifest
itself in the ballistic atomic transport that is inevitably
stochastic process due to SE?

To answer the question we simulate Eqs. (3) by a
Monte Carlo method (for details see [9]) and compute
atomic trajectories in the momentum space to find the
momentum diffusion coefficient D, as a function of a
current momentum p. To compare the behavior of D,
in the regimes with qualitatively different Hamiltonian
CM dynamics we introduce a measure of Hamiltonian
chaos A = (20()\) — 1), where 6()\) is a Heaviside func-
tion, which is equal to § = 0 for the maximal Lyapunov
exponent A < 0,1/2 for A =0, and 1 for A > 0. The val-
ues of A in Fig.1 have been computed in the Hamiltonian
limit with v = 0) in Egs. (3) by averaging over many
atomic trajectories with close values of pg. If A > 0
with all those atoms, then A = 1, and we have Hamil-
tonian chaos with probability 1. If A = 0 then A = 0,
and the motion is regular with the probability 1. One
gets 0 < A < 1, if there are as chaotic as regular tra-
jectories with close values of pg. The chaos probability
A is proportional to the fraction of atoms with positive
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Fig.1. Correlation between the average momentum diffusion coefficient D, in a log-log scale (in units of hzkf:ﬂ) and prob-
ability of Hamiltonian chaos A in their dependencies on current atomic momentum p (in units of hks) at A = —0.01 and
A = —0.0005. Dashed lines with the slopes p~2 + const and p~! + const are theoretical curves (8) and (11) valid in the
regimes of Hamiltonian chaos and order, respectively. Solid line is a theoretical curve (12) derived to fit the exact numerical
results. An abrupt change in the decay laws for D, occurs for those values of p where the transition from order to chaos takes

place in the underlying Hamiltonian dynamics

As. Fig.1 demonstrates a prominent correlation between
the regimes of chaotic (regular) Hamiltonian transport
and the behavior of the momentum diffusion coeflicient
D, of spontaneously emitting atoms. Beginning with
those values of the momentum p, for which the proba-
bility of Hamiltonian chaos becomes smaller than 1 (see
the lower panels in Fig.1), one observes an abrupt tran-
sition to a more regular regime of diffusive-like motion
with another law of decay of D, (see the upper panels
in Fig.1).

Fig.1 illustrates a typical behavior of the function
D,(p) with different values of the detuning at which
Hamiltonian chaos may occur. For larger values |A| >
2 0.1 and smaller ones |A| < 0.00001, the Hamiltonian
dynamics becomes almost regular with all the initial mo-
menta (see Fig.1 in [7]). We stress that the atomic trans-
port in reality is stochastic with strong fluctuations of
p due to SE even without Hamiltonian chaos. However,
our simulations prove that the character of the momen-
tum diffusion changes abruptly at those values of the
current momentum where a transition from chaos to
order occurs in the underlying Hamiltonian dynamics.
This difference could be measured in real experiments
and would provide us with direct signatures of atomic
Hamiltonian chaos in terms of transport characteristics

which are more easy to measure than the Rabi oscilla-
tions.

In what follows we will try to estimate the dif-
fusion coefficient D, analytically when the underlying
Hamiltonian ballistic transport is chaotic and regular.
In the weak Raman-Nath approximation, w,p?/2 >
> |ucos z+Az/2|, when the atomic kinetic energy is not
strictly a constant, but much larger than the potential
one, the momentum fluctuations between SE are small.
In Ref. [10] we have shown that at small detunings,
|A| < 1, the total atomic energy H changes suddenly
just after SE at 7 = 7;, and decreases linearly in be-
tween. We can treat the evolution of H as the following
mapping;:

Wy A
H; =H; +wrp(7'j_)l’j + 7”3 + 9 +
A A
+u(Tf)COSw(Tj)*‘EZ(Tf)‘*‘TW<1—z2)(Tj—Tj—1)’ (4)

where H; is a value of the energy just after jth SE,
u(r; ), 2(7; ), and p(7;) are values of the correspond-
ing variables just before jth SE which are determined
by coherent evolution at 7;_1 < 7 < T - The last term
with the averaging over a time, exceeding the period of
the Rabi oscillations, describes an energy drift between
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SE events. In general, this random walk in the energetic
space is asymmetric. The measure of momentum fluctu-
ations is a momentum diffusion coefficient D, that can
be written in the weak Raman-Nath approximation as
follows:

o (H; = Hj 1)%) — (H; — Hj 1)*

p =

D

(5)

2wEp*(Tj — Tj-1)

Using the largest terms in Eq. (4), we can estimate D,
to be

o
L, @)
Dy 5+ gaa— (6)

In deriving Eq. (6), we put |A| < 1, (ucosz) ~ 0,
(1j — Tj-1) =~ 2/7, and {p}) = 1/3.

To estimate the value of (u?(7;")) in Eq. (6), we note
that at small detunings and in the absence of SE the
variable u can be approximated by a constant while an
atom moves between nodes of a standing wave (it fact, it
performs shallow oscillations), and u changes suddenly
when the atom crosses any node at cosz = 0 [7]. Spon-
taneous emission results in additional jumps, u — 0,
but between SE events one can approximately describe
the dynamics using the Hamiltonian theory. In the de-
tuning range, where the underlying Hamiltonian motion
is chaotic, the evolution of u can be approximated as a
stochastic map

U = |Al/ w“p $in G + U1, (7)

where u,, is a value of u after crossing the mth node
between two SE events, ¢,, are random phases in the
range [0,7]. This map was derived from the expres-
sion (11) in Ref. [7] in the limit |u| <« 1 which is
justified because u = 0 after every act of SE, and u
can never go far away from zero value because of small
magnitudes of the jumps. The mean number of nodes
an atom crosses between two successive SE events is
(M) = 2w,p/yr. Now we can estimate the value of

(W?(1;7)) = (M){(tm — tm1)?) ~ A®/v and, using Eq.

(6), get the following formula for the momentum diffu-
sion coefficient in the regime of Hamiltonian chaos:
v, A

Deh ~ = .
T 8w2p?

(8)

In Fig.1 DZ" is shown by the dashed lines in a log-log
scale which fit well numerical data in the range of atomic
momenta where the underlying Hamiltonian dynamics is
fully chaotic, i.e. at A = 1. The formula (8) is valid in
a wide range of small detunings, but it does not work in
the regime when the underlying Hamiltonian dynamics
is mixed or regular.
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The Hamiltonian motion is regular if |A| < 1 and
the atoms are sufficiently fast. Under such conditions,
one may neglect momentum fluctuations between SE at
all and adopt the simple linear law for the CM mo-
tion £ = w,pr (the exact Raman-Nath approximation).
In Ref. [7] we have derived a formula (see Eq. (A3)
therein) for the value of u after crossing the first node.
Using that formula, we have managed to get the map
for u that is convenient to write down in the double-step
form

2
Um & 20, / T Vg COS ( - E) + U _2, 9)
werp wp 4

where vo = v(z = wn), n = 0,1,2,.... In the regular
regime the jumps of u are not random, and the root-
mean-square value is obtained using the map (9)

4A%w,p 2
20 —\\ ~ P 2 2
(u™(1;7)) ~ oo v cos (w - —) , (10)

where the average value of v is estimated to be 1/2.
Now we are ready to get from Eq. (6) the momentum
diffusion coefficient in the regime of Hamiltonian regular
motion

vy, A

D8 ~ — .
P 12 8yw,prm

(11)

Thus, we have the analytic expressions for D, in the
regimes of Hamiltonian chaos (A = 1) and Hamiltonian
order (A = 0). In the case of mixed motion, 0 < A <1,
we suppose a linear law for the momentum diffusion:

- . e Y A% (1-A A
D, ~ (1-A)D;8+AD; _E+8wrp ( po +wrp .

(12)

This function, shown by the solid line in the upper right
panel in Fig.1, fits rather well exact numerical results.

To conclude the Letter we propose a simple exper-
imental scheme to confirm our main conjecture on an
abrupt change in the character of atomic diffusion under
conditions corresponding to two qualitatively different
regimes of Hamiltonian CM motion, chaotic and regu-
lar ones. Let us consider a small atomic cloud mov-
ing in one direction with an average momentum (p.).
Initial position and momentum distributions are sup-
posed to be a Gaussian with the standard deviations
o = ((z—(2))?) and 0 = ((p— (pc))*>. The mo-
mentum diffusion coefficient is D, = d(02)/(2d7). The
temperature of the gas and its heating rate in Kelvins
per second are

2(Ey,) _ hzk)%af, dT _ 2h2k§QDp

T
kB moks’ dt

,  (13)

makB

8*
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where Ej, is an atomic kinetic energy (in Joules) in the
reference frame moving with the CM of the cloud. The
heating rate is proportional to D, which has been shown
in this Letter to demonstrate different behavior in the
regimes of regular and chaotic Hamiltonian dynamics.

The linear extent of the cloud is Lx = 20,/ks. On
a small observation time scale and with ¢, < (p.), D,
is approximately the same for all the atoms in a cloud
and could not change significantly during the observa-
tion time. Using the first equation in the set (3) and the
expression for D, written above, we obtain

1 2
o2 ~a2(0) + 5(4),2,012,(0)7'2 + gDpwa3. (14)
We have computed Lx with Egs. (3) and with that for-
mula with D, given by (8) for a number of atomic clouds
with different initial values of (p.). In Fig.2 the depen-

SE e T=30000
= 1:— x‘i‘;‘i\ R
G T=10000 " sl
3 x % %
0.2-_ 1 1 %
300 600 1200 2400

(pe)

Fig.2. A log-log dependence of the cloud’s linear extent
Lx (in microns) on the average initial momentum (p.) of
atoms in a cloud at two moments of time. The analytic
dashed lines were computed with the formula (14) with
D, = Dg" valid in the chaotic regime on a short time scale.
Note an abrupt change in the decay of Lx((p.)) in the
range of (p.) ~ 1200 where a chaos-order transition takes
place in the underlying Hamiltonian motion. A = —0.01,
20,-(0) = 0.5, 20,(0) = 5, wavelength Ay = 27/ky =
= 850 nm

dence Lx ({p.)) is plotted for A = —0.01 at two moments
of time. The analytic dashed lines fit well the exact nu-
merical results in the range (p.) < 1200 where the un-
derlying Hamiltonian dynamics is chaotic (see the left
column in Fig.1). Note an abrupt change in the decay
of Lx({p.)) beginning with those values of {p.) ~ 1200
where the Hamiltonian motion becomes more regular.
In conclusion, we have found in numerical exper-
iments the manifestation of dynamical instability and
Hamiltonian chaos in ballistic motion of two-level atoms
in a near-resonance standing-wave laser field. The effect
of dynamical chaos in the fundamental atom-light inter-
action is masked by random events of SE. Nevertheless,

we proved analytically and numerically that, under cer-
tain conditions, there exists a clear correlation between
the behavior of the momentum diffusion coefficient D,
and Hamiltonian chaos probability A. To detect and
quantify this effect in a real experiment, we propose
to measure a linear extent Lx of atomic clouds with
different values of the mean atomic momentum (p.).
We predict that beginning with those values of (p.),
for which Hamiltonian chaos probability becomes to be
1, the value of Lx for the corresponding atomic clouds
should increase sharply.
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