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We study spin wave relaxation in quantum Hall ferromagnet regimes. Spin-orbit coupling is considered
as a factor determining spin nonconservation, and external random potential as a cause of energy dissipation
making spin-flip processes irreversible. We compare this relaxation mechanism with other relaxation channels

existing in a quantum Hall ferromagnet.
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1. Last years are characterized by growing interest
in spin relaxation (SR) in low-dimension systems — first
of all, in the relaxation in quantum dots studied within
the projects aimed at development of a computer em-
ploying spin memory. Yet, the relaxation of an electron
spin in lateral quantum dots manufactured on the basis
of two-dimensional (2D) heterostructures, should be in
many respects similar to the SR of electrons localized
in the 2D layer in minima of a smooth random poten-
tial (SRP). In high magnetic fields this single-electron
relaxation corresponds to the situation occurring at low
Landau level (LL) filling: ¥ < 1 or |[v—2n| < 1 (n is an
integer) [1].

The SR at different filing factors, v > 1, has quite dif-
ferent nature representing in this case a many-electron
process. In particular, in a quantum Hall ferromagnet
(QHF), i.e. at v = 1,3,... or v = 1/3,1/5,..., the SR
reduces to the relaxation of lowest collective excitations,
i.e. spin waves [2, 3]. The SR observation would thereby
be a good tool to study fundamental collective proper-
ties of a strongly correlated 2D electron gas (2DEG).
However, in spite of much recent interest in the SR in
a 2DEG, up to now only a handful of experiments rel-
evant to the SR in a QHF were performed: these are
indirect results based on the linewidth measurements in
the electron spin resonance [4], and a direct observation
where the photoluminescence dynamics of spin-up and
spin-down states was studied [5]. Meanwhile, availabil-
ity of the new time-resolved technique of photon count-
ing allows us to believe that new direct experiments on
observation of excitations’ relaxation in a 2DEG, in par-
ticular of the spin wave relaxation (SWR), will become
available in the near future [6].

Theoretically the SWR in a QHF was studied in
works [7, 8. It is worth noting here that the SWR
represents actually not spin dephasing but the energy
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relaxation due to the spin-flip process. Indeed, any
spin-flip means at least dissipation of the Zeeman en-
ergy €z = |glusB (9 = —0.44 in a GaAs structure).
The latter is a part of the spin-wave (spin exciton, SE)
energy

Eyy = €7 + 5q, (1)

where &, is the SE correlation energy depending on the
2D wave vector g [2, 3]. At variance with the relax-
ation channel of Ref. [7] where electron-phonon interac-
tion was considered as the mechanism making the relax-
ation irreversible, and contrary to the case of Ref. [§]
where the irreversibility was provided by an inter-spin-
exciton interaction mechanism, we now study smooth
disorder field as the reason causing the energy trans-
form. The SRP thereby determines an alternative relax-
ation channel competing with the ones studied earlier.
Another distinction of the present work from Refs. [7]
and [8] consists in the study of not only the integer
QHF (at v = 1,3,...) but also of the fractional one
(v=1/3,1/5,...) as well. At the same time we again
consider the spin-orbit coupling (SO) as the cause mix-
ing different spin states and therefore providing the spin
nonconservation. Actually, various SWR. channels co-
exist in parallel. We consider the total rate and find
crossover regions of external parameters (magnetic field,
temperature, etc.) where one relaxation channel ceases
to be dominant and changes into another.

The SR channel due to SRP was already considered
in the integer quantum Hall ferromagnetic case [1, 9].
However, studied in these works instead of the SWR
was a specific SR when initially the total macroscopic
spin S of the system as a whole is turned away from the
equilibrium direction parallel to B. (Relaxation of this
Goldstone mode microscopically reduces to annihilation
processes of the so-called zero SEs, having exactly zero
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momenta.) Contrary to this case, the spin perturbation
determined by excitation of the spin waves (non-zero
SEs) represents an initial deviation where AS=AS,, so
that S is kept parallel to B and the total symmetry of
system remains unchanged.

Concerning the origin of SRP, one should note that it
has in the 2D layer the “direct” component and the effec-
tive one. The former is the SRP determined by charged
donors located outside the spacer. The latter is essen-
tial in some kinds of quantum wells, being determined
by spatial fluctuations (in the plane of the layer) of quan-
tum well width. These fluctuations lead to fluctuations
of the size-quantization energy and may be presented as
an SRP term in the single electron Hamiltonian. Both
SRP components have approximately the same ampli-
tude A~10K and correlation length A ~30 — 50 nm.

2. The total Hamiltonian has form Hyoy =, jH fj )+
+ H;nt, where j enumerates electrons, Hj, is the e-e
interaction, and the single-electron operator is

H, = h2612/2m: —ez&z/Q—}-Hso +<p(r). (2)

In this equation ¢(r) is the SRP field; the SO Hamil-
tonian is specified for the (001) GaAs plane,

Hso = a(q x 6),+0(4y6y —3:62) , 3)

presenting a combination of the Rashba term and the
crystalline anisotropy term [10] (§ = —iV +eA/chisa
2D operator, 0,,y,, are the Pauli matrices). If the SRP
is assumed to be Gaussian, then it is defined by the cor-
relator K (r) = (p(r)p(0)). By choosing {p(r)) = 0, in
terms of the correlation length A and the LL width A
the correlator is
K(r) = A%exp (—r?/A?). 4)
We first find the bare single-electron basis diagonal-
izing the Hamiltonian (2) without the SRP field. To
within the leading order in the Hgo terms we obtain

e vvn + 1¢n+1p + iu\/ﬁd)nfl,p ’ (5)
T, = < —0y/NPn_1p + iuvn + 1ni1p )
pb = .
z/)np

Here 1, is the electron wave function in the Landau
gauge, n is the number of the half-filled LL in the odd-
integer quantum Hall regime, i.e. in the v = 2n+1
case. Otherwise, if v < 1, we set n = 0. u and v
are small dimensionless parameters: u = 3v/2/lphw,
and v = aﬁ/l Bhw. (w. and lp are the cyclotron fre-
quency and the magnetic length, respectively). The

single-electron states thus cease to be purely spin states
but acquire a chirality a or b. The spin flip corresponds
thereby to the a — b process now.

By analogy with previous works [1,7-9] (see also
Ref. [11]) we define the SE creation operator

abq \/— Z eilqnpb;_,_ ay Up %, (6)
where a, and b, are the Fermi annihilation operators
corresponding to states (5), Ny is the LL degeneracy
number. In Eq. (6) and everywhere below we mea-
sure wave vector g in the 1/lp units. If the ratio
re = (ae?/klp)/hw, is considered to be small (a < 1
is the averaged formfactor which appears due to finite-
ness of the layer thickness), and the SRP and SO terms
in Eq. (2) are ignored, then the operator (6) act-
ing on the ground state in the odd-integer quantum
Hall regime yields the elgen state of the total Hamil-
tonian: namely, [Hiot, Q ab o/10) = (ez+&, )Q%, |0), where
/—L
|0y = |T, 1,...1). This basic property of the exciton
state, abq|0) is the asymptotically exact one to the
first order in 7.

Now consider corrections arising due to the Hgo
terms. When presented in terms of basis states (5),
spin operators [ ¥1§2¥d’r and [¥'15,¥d’r [where
¥ =3 (ap¥pa +by¥pp)| preserve invariant form up
to the second order in u and v. However, the interac-
tion Hamiltonian Hipy = 1 [dridry 1 (ry) @t (r;)U(ry —
—r3)¥(r;)¥(rz) acquires proportional to  and v terms
which correspond to creation and annihilation of SEs
in the system. These terms lead to the “coalescence”
channel of the SWR [8]. In the present work we study
another relaxation channel. Therefore, neglecting the SO
corrections to ﬂint, we focus on the SRP term. Calcu-
lating [ ¥fp(r)Td?r, we get the terms responsible for a
spin-flip:

»=N,"15> (q)(
q

abq

iugy —vg_) Qq + h.c. (7

(it is assumed here that g<1). $(q) is the Fourier com-
ponent [i.e. o= B(q)e*®], and gz = Fi(g, +ig,)V2.
At variance with integer QHF, the use of the exci-
tonic basis Qab q|0) presents only a model approach in
the case of fractional quantum Hall regime. Generally,
spin-flip excitations within the same Landau level might
be many-particle rather than two-particle excitations at
fractional filling because the same change of the spin
numbers 65 =4S, = —1 may be achieved with partic-
ipation of arbitrary number of intra-spin-sublevel exci-
tations (charge-density waves). T/hese waves are gen-
—-1/2 QT

erated by the operator A’r taq acting on the
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/—/A
ground state |0) =|1,..1,.. 1) [12]. It is trivial in the
case of integer v (A}|0) = dq,0/0)); however, states of

the Qab a Al Al ...|0) type might constitute a basis set
if one studies a spin-flip at fractional ». On the other
hand, a comprehensive phenomenological analysis [3, 12]
suggests that even the spin-flip basis reduced to single-
mode (single-exciton) states would be quite appropriate,
at least for lowest-energy excitations in the case of frac-
tional QHF. This single-mode approach is indirectly sub-
stantiated by the fact that the charge-density wave has a
Coulomb gap [12] which is well larger than the Zeeman
gap ez. Hence for a fractional QHF, just as in Ref. [3],

we will consider the only state be |0) to describe the
spin-flip excitation. The commutation algebra for op-
erators Qab , Af, and BT,, = Nﬁ1 2be . is certainly
the same as for mteger ﬁlllng [7- 9] A dlfference arises
in the calculation of expectation (0|Aq.AL,|O) which is
needful for the following. This value is simply dq,0dq,0
at integer filling, but at ¥ <1 it is expressed in terms of
the two-particle correlation function g(r) calculated for
the ground state:

(0] Aq AL |0) = [27r1/g( )e? 2 41| baq. (8)

Here g(q) = ﬁg Jg(r) e*“l'd2r is the Fourier compo-
nent. Function g(r) is well known, e.g., in the case of
Laughlin’s state [12, 13]. If the ground state is presented
in terms of the Hartree-Fock model, we get the expres-
sion 2mg= (N¢5q,0—e_q2/ 2) which does not depend on
v. Besides, at odd-integer filling factors this Hartree-
Fock expression becomes Fourier component of the ex-
act correlation function. In the latter case one should
also formally set »=1 in Eq. (8).

3. The operator (7) obviously does not conserve
the number of SEs. However, if the SWR is governed
by this operator, the corresponding problem can not
be solved in terms of a single-exciton study. Indeed,
the SE interaction with the SRP incorporates the en-
ergy Uy.srp ~qlpA/A (the SE possesses the dipole mo-
mentum elg[qx2]) [2]. The SE momentum is estimated
from the condition £, < T, and we therefore find that
Ux.srp < €z, T. Due to this inequality, the energy of an-
nihilating exciton can not be transformed to anywhere.
By analogy with Ref. [8], we study a coalescence process
where initial double-exciton state |i) = QF, Q @ ab 0|0

transforms to final single-exciton state |f) = abq ,|0)
having the combined energy:
€2+ &y =2ez+ &, + &, (9)

(c.f. also the Auger magnetoplasma relaxation consid-
ered in Ref. [14]). At the same time, contrary to Ref. [8],
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there is no momentum conservation in this SWR chan-
nel. Thus the phase volume where the Xq, +Xq, = Xq
transition is possible turns out to be much larger than
that in the coalescence process of Ref. [8]. This tran-
sition is governed by the Fermi golden rule probability:
wy; = (2m/R)|Myi|>6(Es — E;), and our immediate task
is to calculate the matrix element Mj; = v—3/2(f|pl3).
(The factor v~ 3/2 appears due to the normalization since
norms of the |i) and |f) states are v? and v, respec-
tively.) The latter reduces to calculation of the expecta-
tion (0|Qap o’ Qaquabq1 a,bq2| 0) [15].

We perform the My; calculation for relevant val-
ues of momenta qq,qs,q" < 1 which satisfy the con-
ditions £4,&, S T < 1K. (These inequalities corre-
spond to g1,¢2,¢' < 1/lp in usual dimensional units).
By employing exciton-operators’ commutation rules [7],
Eq. (8) and evident identities Q,p4|0) = Bq|0) =0 and
(0| Aq|0) =véq,0, we obtain with the help of Egs. (7), (8)
that

2rpt/? 9

—177 9\d1—
172

N¢

x Y p(a) (

Besides, within our approximation, g(q) should be re-
placed with g(q)|, ,o- The latter quantity is equal to
—1/2r in the Hartree-Fock approach or —1/27v when
calculated in the case of Laughlin’s ground state describ-
ing the fractional QHF [12,13]. So, for v=1,1/3,1/5, ...
we obtain a simple result:

Myi(qi, q2,q') = q])+3(a2—q])] x

tugy —vq_)0qitqs atq’ - (10)

20,2 2
Myl az. ) = 4rE(g) L)
vN p
F=atqx—q’
11)
It is used here that the squared modulus of (q) at q#0
is expressed in terms of Fourier component of the cor-
relator (4): |[p(q)|> =27K(g)/Ny. In the Hartree-Fock
model the expression (11) should be multiplied by v%;
hence the calculated relaxation rate would be by a factor
of 12 slower. Notice also that if v =3, 5, ..., one should
formally set »=1 in Egs. (10), (11).

The SWR rate is defined as the difference between
the fluxes of annihilating and created SEs. We assume
that the thermodynamic equilibrium in the system of
spin waves is established much faster than the spin-flip

processes occur, so that the rate is

dNy 1 2
=3 2 3 Miila1,05,9) 6(Bi+ Ba—B) x
a, 929’
x [nina (L +n') —n' (1 +n1) (1 +n2)]. (12)
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The notations used here are E; = ez+&,,, n;=n(E;)

(¢=1,2) and E'=ez+Ey, n'=n(E'), where the Bose
distribution function is n(E) = 1/(e/E#)/T _1). The to-
tal number of SWs in the system is Nx= > n(ez+&).
Ratio of the SW number and the total spin is Ny(u) =
vNy/2—S. This thus determines chemical potential p
as a function of the nonequilibrium value S. In our
case, when temperature is rather low, we can certainly
use quadratic approximation for the “kinetic” exciton
energy: &, ~ q>/2My. As a result, the rate dNy/dt is
completely determined by Egs. (11), (12) and is a func-
tion of parameters B, T and nonequlibrium spin number

S=S,. Calculating the quantity NO = Nx‘

tains the equilibrium number of excitons. {;Ve will find
the rate at the final stage of the relaxation process where
N, —N,£°) < N,E"). So, by employing the quadratic ap-
proximation for the SE kinetic energy, and changing in
Egs. (11), (12) from summations to integrations we ob-

tain dNy/dt= ( -NO ) /Tsrp, Where

, one ob-

1/Tap=

(u2+v2)M3 [ AAT\’
2urh lB

x (e—fz/T—e—Zfz/T) Fsrp (A2M,T/13, €7/T). (13)

Here Fsgp(a, B) is a dimensionless function arising as a
result of integrations over ¢; and ga and averaging over
angles 1=q1 Aq and f2=q2 A q':

=0
S

dsr(z,y,01,602) exp [—ar(z,y,61,602)],
where r(z,y,61,62) = ¢ +y+B8/2—Vr+y+08 x
X (y/x cos 01 + /y cosBs) + \/zy cos (1 — 62).

4. Now we calculate the numerical value of 1/74,
at typical SRP parameters and compare it with in-
verse relaxation times 1/7. . and 1/7,, governed by
the inter-SEs’ interaction mechanism [8] and the SE-
acoustic-phonon coupling [7]. We carry out this analy-
sis for the » = 1 QHF assuming that A = 10K and
A =40nm. The Zeeman splitting at g = —0.44 is ez =
=0.295BK (B is everywhere in Teslas), and the combi-
nation of SO parameters is estimated as u?+v? =10"3/B.
The SE mass M, might be calculated theoretically by
using general expressions for &, [2, 3]. Yet, the result
depends on specific formfactor inherent in a given het-
erostructure due to finite thickness and it is therefore
more convenient to extract My immediately from ex-
periments. According to recent data available for cur-
rently used wide quantum wells [16], we estimate that

e " VYdxdy
(1—e*PB)(1—e ¥B)(1—e =¥ 20)

Fsrp (o, B

1/M, = 9.24v/B K. Using Eq. (13), we thus calculate
1/7ep as a function of temperature T' at given field B.
The results are presented in Fig.1 by dash curves. The
dot and dash-dot curves correspond to the 1/7. . and
1/7pn values given by formulas

2
Uree= 3 +0")T (e*fz/T—e*%z/T) F. o(ez/T),
(14)
where

Fe—e(/a) =

// dedy (z +y + B)e ™Y
(zy—B32/4)1/2(1—eFP~2)(1—e=P~¥)(1—e~26-2-0)’
zy>[2/4

and
1 MTe? +0?) (/) |
Tph hcl,pol2 ™
hic P 2
+10—(—8) () )], )
TP €7 l
where

e*zkdy

(B) = (ezﬂ—eﬂ)/owm,

(See Ref. [7,8,17]; the used material parameters char-
acterizing the electron-phonon coupling are ¢, = 5.14-
10°cm/s, 7p = 0.8-10712571, 7p = 35-10712571, and
po = 2.52:10% cm™!; both kinds of e-ph interaction, de-
formation and polarization ones, are taken into account.)

It is seen from Figure that the SRP relaxation chan-
nel actually competes with other mechanisms in the ex-
perimentally relevant range of parameters: namely, at
fields B < 5 and temperatures T ~ 0.3 — 0.5 K. We
have indicated above that the basic advantage of the
SRP channel, as compared to the e-e one, consist in the
absence of momentum conservation in the coalescence
process. On the other hand, the SRP mechanisms is also
determined by effective SE-SE collisions. Therefore the
inverse relaxation time is proportional to the SE concen-
tration and drops exponentially as ~ exp (—ez/T) with
vanishing T [rather than as ~ exp (—2ez/T) which oc-
curs for the e-e mechanism due to the SEs’ momentum
conservation]. The phonon mechanism of SWR. domi-
nates at low temperatures due to its weak temperature
dependence (~T), in spite of small value of the electron-
phonon coupling constant in GaAs. The dependence on
the filling factor in the case of integer QHF is only de-
termined by the SE mass M, because v in Eq. (13) is
formally set equal to unit. For fractional QHF there are
both direct and indirect (through the mass M,) depen-
dences on v.

k=1, 2.
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Inverse SWR times against T calculated by using formulas
(13)-(15) at B = 3, 5, 10 T. Specific material parameters
are given in the text. Dash, dot, and dash-dot lines are for
1/Tstp, 1/Te—e and 1/7ph, respectively. Solid lines present
the result of calculation of the combined inverse time (16)

Finally we calculate the combined inverse relaxation
time determined by the SO coupling:

1/7eot = 1/Tarp + 1/Te—e + 1/ph. (16)
The result is presented by solid curves in Figure. It
is worth mentioning that it demonstrates a good agree-
ment with the measured value 7ot ~ 10ns of Ref. [5]
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when calculated for parameters B and T corresponding
to the experiment.
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