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 2010 January 10Coulomb zero bias anomaly for fractal geometry and conductivityof granular systems near the percolation thresholdA. S. IoselevichLandau Institute for Theoretical Physics RAS, 117940 Moscow, RussiaMoscow Institute of Physics and Technology, 141700 Moscow, RussiaSubmitted 9 December 2009A granular system slightly below the percolation threshold is a collection of �nite metallic clusters, char-acterized by wide spectrum of sizes, resistances, and charging energies. Electrons hop from cluster to clustersvia short insulating \links" of high resistance. At low temperatures all clusters are Coulomb blockaded andthe dc-conductivity � is exponentially suppressed. At lowest T the leading transport mechanism is variablerange cotunneling via largest (critical) clusters, leading to the modi�ed Efros-Shklovsky law. At intermediatetemperatures the principal suppression of � originates from the Coulomb zero bias anomaly occurring, whenelectron tunnels between adjacent large clusters with large resistances. Such clusters are essentially extendedobjects and their internal dynamics should be taken into account. In this regime the T -dependence of � isstretched exponential with a nontrivial index, expressed through the indices of percolation theory. Due to thefractal structure of large clusters the anomaly is strongly enhanced: it arises not only in low dimensions, butalso in d = 3 case.Granular materials play important role in moderntechnology and material science (see [1]). In the recentyears nanocomposite granular materials were invented,with characteristic grain size a on the scale of 1{10nm[2]. For systems with so small grains quantum e�ectsshould be essential, in particular the Coulomb blockadee�ect [3]. Therefore it is important to understand, howthe Coulomb blockade is manifested in realistic disor-dered granular metal.There are two large families of granular metallic ma-terials. In the systems of the �rst family conductinggrains are randomly embedded in an insulating matrix(Fig.1a), while the systems of the second family are mix-tures of conducting and insulating grains (Fig.1b). Thepercolation [4, 5] is a general geometric phenomenon,generic for systems of both families. Some conductinggrains may touch each other [6], establishing a good con-tact (with dimensionless conductance G), while the con-ductances gij between grains i and j which do not toucheach other, are much smaller: gij � G. If there is a per-colation via a network of touching each other conductinggrains, then electrons can travel throughout the systemhopping from grain to grain only via good contacts G.Otherwise hopping through some bad contacts g is un-avoidable.If all conductances are small (both G� 1 and gij �� 1), then the Coulomb blockade e�ect exists at eachmetallic grain of the system. It is characterized by charg-ing energy on the scale E(0)C � e2=a. The mechanismof the electronic transport at T � E(0)C in this case is
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Fig.1. Clusters of conducting grains in granular materi-als. (a) { Metal grains (shown black) in an insulating ma-trix (shown grey). Randomly distributed distances dij be-tween two non-touching conducting grains determine cor-responding tunnel conductances gij . (b) { A mixture ofconducting and insulating grains. The \links" (one-graininsulating bridges) between two conducting clusters aresupposed to have the same conductances gij = g, while alllonger bridges have gij � g and can be neglectedeither direct intergrain hopping, described by the Arrhe-nius law� / expf�Eact=Tg; TES � T � TArr; (1)or variable range cotunneling (VRC)[7, 8, 9], describedby the modi�ed Efros-Shklovskii law [10]� / expn� (EES=T )1=2o ; T � TES; (2)where�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 1 { 2 2010 43



44 A. S. IoselevichTArr � E(0)C ; TES � E(0)C =L�; (3)Eact � E(0)C ; EES � L(T )E(0)C ; (4)L� � ln(1=g); L(T ) � L� + ln �T 2ES=(T 2 + T 2el)� : (5)Here g is a properly averaged intergrain conductance.The temperature Tel � [E(0)C �]1=2 � TES (� beingthe typical level spacing in a grain) corresponds to thecrossover from the inelastic cotunneling (at T > Tel) tothe elastic cotunneling (at T < Tel). The details can befound in [8]. Thus, L is a moderately large logarithmicfactor and the Arrhenius law can only be observed in arestricted intermediate temperature range. In the low-G case the presence or absence of the percolation in thesystem is only relevant for the value of g, appearing inL� as an argument of the log-function, and, therefore, itis only of a secondary importance.In this paper we will study the large-G case: gij � 1,but G � 1. Here the mechanism of transport is verysensitive to the percolation transition. The resistancebetween two contacting metal grains is so low that thecharge easily spreads over clusters of connected metalgrains (see Fig.1), and it is clusters { not the individ-ual grains { that may either be Coulomb blockaded, ornot blockaded. If the fraction of the metal in the sys-tem x is larger than the percolation threshold xc, thenthe Coulomb blockade of �nite clusters is not relevant,since the in�nite cluster of conducting grains exists (see[4, 5]), the current goes through this in�nite cluster, andelectrons do not have to visit �nite clusters whatsoever.It is not the case below the percolation threshold, forx < xc, where the in�nite cluster does not exist, andelectrons have to hop from one conducting cluster to an-other due to tunneling through high-resistance insulatingbridges between them.Close to the percolation threshold the distributionN(n) of numbers of grains n in a cluster has a longpower-law tail: N(n) � n�� at 1 � n � ncr. This tailis cut o� only at n � ncr, wherencr � �df � (xc � x)��df � 1 (6)is the number of grains in a critical cluster, � � (xc �� x)�� is its radius (measured in the units of a), dfis the fractal dimension of the in�nite percolation clus-ter (and of any large �nite cluster with n in the range1� n . ncr as well). The values of relevant critical ex-ponents are given in the table. An estimate for typicalcharging energy for a cluster consisting of n grains wasfound in [11]:

EC(n) � E(0)C n�(�+s)=�df (7)We will see in what follows that the critical clusters withlow charging energyE(cr)C � EC(ncr) � E(0)C (xc � x)�+s � E(0)C (8)play the key role in low temperature transport at x < xc.Numerical values of some critical exponentsd � df � � s � ~� 'd = 2 4/3 91/48 187/91 1.30 1.30 0.14 0.11 0.33d = 3 0.875 2.524 2.32 2.14 0.74 0.38 0.08 0.41It is natural to expect that the universal characterof the percolation transition, generic for most granularsystems, should lead to the essential universality of theconductivity mechanism for xc � x � 1. One should,however, have in mind that besides the topological disor-der (that is responsible for the percolation phenomena),there is yet another disorder: the randomness of \bad"conductances gij . Indeed, gij / exp(�2�dij) where dijis the separation between the two grains and � is thetunneling decrement of the electronic wave function inthe insulator. If typical value of �dij � 1, then thedispersion of g is exponentially wide.In mixtures the distribution of g is approximatelydiscrete: the thickness dij of the insulating interval be-tween two metal clusters is, roughly, measured in theunits of the diameter of the insulating grain d. Then thetunneling conductances of shortest one-grain insulatingbridges (links) are g1 / exp(�2�d); the conductances oftwo-grain bridges are g2 / exp(�4�d)� g1, and so on.For such a system one can simply ignore all long insu-lating bridges and take into account only the shortest {the links, ascribing the same conductance g � g1 to allof them. The conduction process in the resulting systemresembles the next nearest neighbor (NNN) percolation(see [11] for detailed discussion of this process).For metal grains, embedded in an insulating con-tinuum, the distribution of dij is essentially continu-ous. This fact introduces to the system yet anotherpercolation-like physics, similar to that of the standardhopping conductivity (see, e.g., [12]). In the presentpaper we do not consider this facet of the problem ex-plicitly, so that, strictly speaking, the consideration be-low is directly applicable only to mixtures. We expect,however, that the principal universal features of conduc-tivity, based on the universal properties of the clustersdistribution near the threshold, will be present also forthe systems with continuous insulating matrix.The temperature dependence of conductivity of amixture in the intermediate range of temperatures�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 1 { 2 2010



Coulomb zero bias anomaly for fractal geometry and conductivity : : : 45E(cr)C ; E(m)C � T � E(0)C ; (9)was already studied in the previous paper [11]. HereE(m)C � E(0)C G�(s+�)=[�+(2�d)�] � E(0)C (10)is the charging energy of a \marginal cluster", whoseclassic resistance Rm � 1. The classic resistance acrossa fractal cluster of n grains (see Fig.2 and Refs. [5, 11])
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Fig.2. De�nition of the classic resistance R across a clus-ter. External voltage V is applied to points A and B atthe periphery of the cluster, then the ratio of V and thecurrent I in the external circuit is the resistance Ris R(n) � G�1n[�+�(2�d)]=�df ; (11)so that the number of grains in the marginal cluster isnm � G�df=[�+(2�d)�] � 1: (12)The clusters with n < nm (and, therefore, withR < 1) can be treated as structureless point-like su-pergrains characterized by the unique quantity { thecharging energy EC(n). Under the condition (9) thatis true for all relevant clusters in the system and theconductivity is described (see [11]) by the formulas�ins(x; T ) � �(0)ins (x)[T=E(0)C ]�; T � Tcross(x); (13)�cross(T ) � �(0)cross[T=E(0)C ]�0 ; T � Tcross(x); (14)whereTcross(x) � E(0)C [(xc � x)=�cross](�+s)=� (15)

is the temperature of the crossover from the \insulator-controlled" conduction mode, where the resistivity isdominated by the insulating links, to the \criticalcrossover" mode, where the voltage drops occur bothon links and on the conducting clusters. Note, that inthe latter regime the conductivity �cross does not dependon x. The critical exponents� = (d� 2)� + s� 1� + s ; �0 = ���+ s (16)are given in the table. At high temperatures T � E(0)C ,when the Coulomb blockade e�ect becomes irrelevant,the expressions (13), (14) match with the known results(see [13]) obtained in the absence of the Coulomb e�ects:�(0)ins � g(xc � x)�s; (�cross � xc � x� 1); (17)�(0)cross � g�=(�+s)Gs=(�+s); (xc � x . �cross); (18)where the width of the critical crossover domain of con-centrations is �cross = (g=G)1=(�+s) (19)The physics behind the results (13), (14) is as follows: Inthe temperature range (9) it is possible to �nd conduct-ing paths consisting of only large metal clusters con-nected by links, so that an electron never visits theCoulomb-blockaded small clusters with n < nCB(T )(and with charging energies EC(n) > T ). ProvidednCB(T ) < ncr, the NNN-percolation in the system per-sists despite the fact that all small clusters with n << nCB(T ) are not available for travelling electrons. Thisfact is by no means trivial, since almost all conduct-ing grains in the system belong to small clusters. Thepower-law suppression factor (T=E(0)C )� in the conduc-tivity re
ects just the reduction of the number of avail-able conducting paths.In the present paper we will address the followingquestions:1. What is changed if T � E(m)C , so that the rele-vant clusters are not point-like zero-dimensional,but essentially extended objects with their internaldynamics? How one should describe the Coulombblockade phenomena in this case?2. What is the conduction mechanism and what is theT -dependence of conductivity at very low temper-atures, when all clusters are Coulomb blockaded?The low-temperature tunneling into a �nite, but ex-tended conductor is suppressed due to the process ofcharge spreading which transforms the initial point-like�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 1 { 2 2010



46 A. S. Ioselevichdistribution of the tunneling charge into the smoothequipotential distribution. The corresponding sup-pression factor exp(�Sspr(T )) is nothing else, but theCoulomb zero-bias-anomaly (ZBA) factor, which ap-pears in the tunneling probability alongside with theusual Coulomb blockade factor exp(�EC=T ). At lowtemperatures, when the sample size L is smaller thanthe \spreading length" L(T ), the activation factor dom-inates, while at intermediate temperatures (for L >> L(T )) the principal contribution comes from the ZBAfactor. Explicit expressions for Sspr(T ) (as well as forL(T )) are known for di�usive conductors of di�erentgeometries: one-, two-, and three-dimensional (see 14 {20]); the suppression is exponentially strong only in 1dcase. In our problem we deal with an unusual case: wehave to �nd the ZBA-factor for tunneling between twolarge clusters with fractal geometry, where the di�usionconstant D, the conductivity ~�, and the dielectric con-stant " are scale-dependent. We will see that for such ageometry the suppression is exponentially strong in anydimension: in particular, in 2d and in 3d.Let us consider a tunneling of an electron through alink between two clusters with similar numbers of grainsn1 � n2 � n. Immediately after the intercluster hop thesystem �nds itself under the barrier, with large energyde�cit � E(0)C , so that the charge density has yet tospread over a large region in a tunneling manner, beforethe system manages to get from under the barrier (seeFig.3). As a result, the suppression factor has the form

Fig.3. The charge spreading process. After the tunneling ofan electron between two clusters (black and grey) throughone of the links (marked by a cross) a di�usional spreadingof charge occurs in both clustersexpf�S(T )g withS(T; n) = EC(n)=T + Sspr(T; n); (20)where the under-barrier action Sspr(T; n) can be esti-mated by the semiclassical method. Di�erent variants

of such method were proposed in [16, 17], in this paperwe will use the variant due to Levitov and Shytov [17].Strictly speaking, the act of the electron hop be-tween two neighboring large clusters creates an electron-hole pair, and each component of this pair then spreadsover its own cluster. However, this separation does notprevent the Coulomb interaction of both components.The electron-hole interaction e�ectively leads to partialscreening of self-interaction in each cloud. If both cloudsdevelop in the same spatial domain, then this screeningis strong and leads to a dramatic suppression of the ac-tion Sspr. Exactly this situation arises, when electronand hole clouds proliferate in nearby parallel planes withsimilar properties. The action in this case is parametri-cally smaller than that in the STM case, where the holeis immediately evacuated [17].In our problem we apparently have an intermediatecase. The neighboring large clusters to some extent in-terpenetrate, but by no means they coincide. The rel-ative overlap is probably considerable, but de�nitely itis not close to a complete coincidence. Obviously, thee�ect of mutual screening is important for our prob-lem, but it only leads to an e�ective suppression of self-interaction by a numerical factor, without introducingany new scale or any new small parameter. Thus, weconclude, that neglecting the mutual screening wouldoverestimate the under-barrier action Sspr only by a nu-merical factor of order, say, two. Since we are anywaynot able to determine the numerical factor in the action,we will neglect the e�ect of mutual screening in whatfollows.We write the expression of the action Sspr in thecase, when the process is controlled by �nite temper-ature (not by the external voltage), and neglect the mu-tual electron-hole screening:Sspr(T; n) � 1Xk=0 2�T2�T (2k + 1) + ~Dqq2 �� Z 11=L ddq(2�)d Uq2�T (2k + 1) + ~�qq2Uq + ~Dqq2 (21)(see [20] for details). Here L is the size of an electrode,~� and ~D are its conductivity and di�usion constant, andU is the screened Coulomb interaction. The wave-vectorq is measured in the units of 1=a. Now we extend theresult (21) to the fractal case with~�q � Gq�=� ; ~Dq � GE(0)D qdf�d+�=� ;Uq � E(0)C q1�d+s=� ; L � n1=df ; (22)(see [5]). The energy scale E(0)D � E(0)C (apF )�2 � E(0)C ,therefore the di�usion terms ~Dqq2 can be neglected in�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 1 { 2 2010



Coulomb zero bias anomaly for fractal geometry and conductivity : : : 47both denominators in (21). The sum over k in (21) isdominated by k � 1 and the integrals over q are domi-nated by q � L(T )�1, whereL(T ) � �GE(0)C =T��=[�+s+(3�d)�] : (23)The spreading factor is the dominant one, if 1 �� L(T ) � L. Introducing new variable Q == qL(T )(2k + 1)��=[�+s+(3�d)�], and extending the in-tegration to the in�nity, we getSspr(T; n) � �E(m)C =T�' ; (24)where the new critical exponent ' is expressed in termsof the universal indices of the percolation theory:' = �+ (2� d)��+ s+ (3� d)� = ( 0:33; (d = 2)0:41; (d = 3) : (25)The situation, when the action (20) is dominated bythe activation term, we call the \Coulomb blockade",while the regime, dominated by the spreading term iscalled the \Coulomb ZBA". The phase diagram for dif-ferent regimes on the n�T plane is shown in Fig.4. The
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Arrhenius activated regime of conduction sets on, can befound from the condition ncr(x) = nCB(TArr):TArr(x)E(0)C �( (xc � x)s+� ; (xc � x� �m);G(xc � x)�+s+(3�d)� ; (xc � x� �m);(26)where �m � xc � xm � G�1=[�+(2�d)�] (27)and xm is de�ned by the equation ncr(xm) = nm.The result (24) is very di�erent from the standardCoulomb ZBA e�ect in plain (non-fractal) systems,where the stretched exponential law (with power 1=2)appears only in one-dimensional case [17 { 20], while in2-d there is only a log-squared function of T in the expo-nent and in 3-d the anomaly is weak. The reason for sucha striking di�erence is the nontrivial scale dependence(22) of both dielectric screening and the conductivity inthe fractal system.In the range TArr(x) � T � E(m)C the NNN-percolation via large non-blockaded clusters (withnCB(T ) < n < ncr), is still possible. However, thetunneling between these clusters is strongly modi�eddue to the Coulomb ZBA. As a consequence, the ex-pressions for conductivity (13), (14) are modi�ed also:The result (13) for the insulator controlled transport ischanged to�ins(x; T )�(0)ins (x) �  TE(0)C !~�B exp(�c E(m)CT !') ; (28)where c is some unknown numerical constant, B == B �T=E(m)C � is unknown prefactor. Note that theexpression on the right hand side of (28) does not de-pend on x. The result (14) for the conductivity in thecritical crossover range is changed to�cross(T )�(0)cross �  TE(0)C !~�0 B ��+s exp(� �c�+ s  E(m)CT !') ;(29)and the expression for the crossover temperature (15) ischanged toTcross(x) � E(m)C ln1=' [��cross=(xc � x)] ; (30)��cross � �crossG� (s+�)~�(�+s)[�+(2�d)�] : (31)The modi�ed critical exponents~� = (d� 2)� + s� 1�+ s+ (3� d)� ; �0 = �~��+ s : (32)�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 1 { 2 2010



48 A. S. IoselevichNow we turn to the question about the nature andthe temperature dependence of the conductivity at lowtemperatures T < TArr. Here an electron can not avoidCoulomb blockaded clusters, since practically all clus-ters are blockaded. At moderately low T electrons travelthrough the \critical network of critical clusters". Thismode of transport is similar to the standard nearest-neighbor-hopping regime in the hopping conductivity(see [12]). The hopping goes via critical clusters, since,on one hand, they have small charging energies � E(cr)C ,and, on the other hand, they form an NNN-percolationnetwork (i.e., it is possible to travel by hopping fromone critical cluster to another through direct links). Inthis regime the conductivity obeys the Arrhenius law (1)with Eact(x) � E(cr)C .If the temperature is lowered further, then, in thespirit of the Mott's variable range hopping [21, 12] thevariable range cotunneling regime (VRC) [7 { 9] sets on.This regime is characterized by distant hops betweenresonant clusters with small charging energies. The hopsare realized as acts of multiple cotunneling (elastic or in-elastic) through chains of nonresonant clusters, connect-ing the resonant ones. Thus, VRC involves two sorts ofclusters:� The terminal ones, where the real charged statescan occur. These clusters should be resonant.� The intermediate clusters, forming chains of vir-tual intermediate states. These nonresonant clus-ters should be as large as possible { to minimizethe number of intermediate states. Of course, theyalso should be NNN-connected.What is the nature of the resonant clusters? Whilethe characteristic scale of the charging energy for acluster of size n is EC(n), its particular value for agiven cluster is random, due to random form of theclusters, and, most important, due to random electro-static potentials of the surrounding. The electrostaticinteraction of metallic clusters with charges Qi (mea-sured in the units of electronic charge e) is HCfQg == e22 Pij �C�1�ij ~Qi ~Qj , where ~Qi � (Qi�qi) and Cij isthe matrix of capacitances. The so called \backgroundcharges" �1=2 < qi < 1=2 are due to random potentialsof stray charges, trapped in the insulator; the set of qi ischosen so that the ground state corresponds to Qi � 0.When one extra electron (one extra hole) is put on thecluster i, the energy of the system is changed byE(�)Ci = e22 (�C�1�ii � 2Xj �C�1�ij qj) : (33)

The resonant clusters are characterized by anomalouslysmall E(+)Ci or E(�)Ci . Counter-intuitively, the principalcontribution to the low energy density of states comesnot from large resonant clusters, but from small reso-nant clusters. To prove this, let us �rst neglect the longrange Coulomb interaction (i.e., the Coulomb gap e�ect)for a while, and consider the so called \density of groundstates" �(0)GS(E) (see [7] for the detailed de�nition). It isinstructive to decompose it into the sum of contributions�(0)GS(E; n) of clusters with �xed n. Under the most nat-ural condition of strong charge disorder (when qi arehomogeneously distributed in the interval �1=2 < qi << 1=2) each �(0)GS(E; n) is a structureless function witha single scale EC(n), so that �(0)GS(E; n) � 1=EC(n) forE . EC(n) and �(0)GS(E; n) � 0 for E � EC(n). As aresult, for the sum we obtain�(0)GS(E) =Xn �(0)GS(E; n)N(n) �� n(E)Xn=1 n��=EC(n) �Xn n�[��(s+�)=�df ] � 1: (34)Here n(E) is de�ned by EC(n) = E. Since � � (s ++ �)=�df > 1, the sum is indeed dominated by smallclusters with n � 1. It is important to stress that,although most clusters with low charging energies aresmall resonant clusters, the latter do not play any rolein the conduction processes at T > TArr. Unlike largeclusters, these small resonant clusters are not NNN-connected: they are separated from each other by manynonresonant ones. That is why we did not take theminto account in the previous parts of this paper (as wellas in [11]).Taking into account the long range Coulomb interac-tion modi�es the result (34) and leads to the appearanceof the soft Coulomb gap [12, 7]:�GS(E) � jEjd�1(~�=e2)d; (35)but it can not alter the small-cluster nature of the ma-jority of low energy states.The asymptotic law (35) is valid only for lowest en-ergies jEj � E(cr)C , while in the range E(cr)C � E � 1the density of states is strongly modi�ed by the fractalcharacter of the system. However, the VRC regime is ac-tual just in the temperature range, where the resonantclusters have energies E � E(cr)C , so that the formula(35) is su�cient for our purposes.The intermediate clusters involved in the acts of mul-tiple cotunneling are the critical ones. In contrast withsmall resonant clusters, which are always point-like,these clusters can be either point-like (if ncr < nm),�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 1 { 2 2010



Coulomb zero bias anomaly for fractal geometry and conductivity : : : 49or extended (if nm < ncr). There is a considerable dif-ference in the cotunneling probability between the twocases.Under the condition ncr < nm all the critical clustersat low temperature act as e�ective \supergrains" withcharacteristic charging energy E(cr)C . The average num-ber of links, connecting two adjacent critical clusters, isNlinks(�) � 1=(xc�x) (see [11]). Therefore the e�ectiveconductance between the two clusters isge� � gNlinks(�) � g=(xc � x): (36)In this paper we consider only the case ge� � 1. Wealso concentrate on the case the inelastic cotunneling;a subtle question about the elastic cotunneling and thex-dependence of Tel(x) will be discussed in a separatepublication. For point-like clusters the method of eval-uation of the probability of multiple cotunneling, pro-posed in [8], can be applied directly. Introducing thecharacteristic number K of critical clusters, separatingtwo resonant ones, and the width � of the Mott strip,we obtain�ins / gKe� ��=KE(cr)C �2K exp f��=Tg ; (37)for Tel(x) � T � TArr(x). Then, having in mind therelation ���GS(�)(�K)d � 1 between � andK, and op-timizing the conductivity (37), we arrive at the formula(2) with EES � L(T )E(cr)C andL(T ) = L� + 2 ln (TES=T ) ; L� � ln (1=ge�) : (38)Thus, for point-like critical clusters TES � TArr=L�.In the case ncr < nm we have to deal with cotunnel-ing through extended objects with large resistance. Suchcotunneling was considered in [20] for the case of longdi�usive wire; the corresponding exponential factor wasfound by means of modi�ed Levitov-Shytov semiclassi-cal method. The approach of [20] can be applied also tothe extended fractal clusters. Writing the action for theprocess, where an electron and a hole are simultaneouslyinjected into an extended cluster at its opposite ends, atdistance r � � from each other, we obtainScotun(T ) � 1Xk=0 2�T2�T (2k + 1) + ~Dqq2 �� Z 11=� ddq(2�)d Uq sin2(q � r=2)2�T (2k + 1) + ~�qq2Uq + ~Dqq2 �� 2R(ncr) ln (TArr=T ) : (39)The expression (39) di�ers from (21) only in the fac-tor sin2(q � r=2). In the \Coulomb ZBA scenario"the integral over q in (21) is cut o� at the intrinsic

scale q � L�1(T ), controlled by the temperature andx-independent. On the contrary, in the VRC regimeL(T ) � �, so that the integral is cut o� at q � ��1.As long as we are interested only in the inelastic cotun-neling, the di�usion terms ~Dqq2 again can be neglectedin both denominators in (39)Now, repeating the arguments of the formula (37)with account for the exponential suppression of the co-tunneling amplitude, we get again the result (2), butwith EES � L(T )E(cr)C R(ncr), TES � TArr=L� andL� � 1=R(ncr) ln (1=ge�).Finally the results for both ncr < nm and ncr < nmcan be uni�ed in the following form: the crossover tem-peratures TArr and TES, separaiting the domains of va-lidity of the Arrenius law (1) and the Efros-Shklovskiilaw (2) are strongly reduced in the vicinity of percola-tion threshold,TArr � E(cr)C =Re� ; TES � TArr=L�; (40)L� = 1 + (1=Re�) ln (1=ge�) ; Re� � 1 +R(ncr); (41)R(ncr) � G�1(xc � x)�1=[�+(2�d)�]; (42)and Re� has the meaning of the e�ective dimensionlessresistance across the critical cluster.Note that the gap between TArr and TES only exists,if L� � 1. This condition is ful�lled for xc � x � �0,where �0 = �m [ln(1=g)]�[�+(2�d)�] ; (43)while for xc � x < �0 L� � 1 so that the gap shrinksto zero and there is no room for the Arrhenius law (seeFig.5). The \activation energies" Eact and EES entering(1) and (2) are also reduced:Eact � E(cr)C ; EES � L(T )E(cr)C Re� ; (44)L(T ) = L� + 2 ln (TES=T ) : (45)In conclusion, we have studied the low-temperaturebehavior of a granular system near the percolationthreshold. The peculiarities of this behavior stem fromthe strong dispersion and fractal properties of the con-ducting clusters. As in the system away from the per-colation threshold, the transport mechanism at lowesttemperatures is variable range cotunneling, and the cor-responding temperature dependence of � is the Efros-Shklovsky law. However, the parameters entering thislaw are dramatically renormalized in the vicinity of thethreshold. In particular, the onset of the VRC regime4 �¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 1 { 2 2010
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