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 2010 March 25Towards a solution of the cosmological constant problemF.R.Klinkhamer#1), G. E.Volovik �+1)#Institute for Theoretical Physics, University of Karlsruhe, Karlsruhe Institute of Technology, 76128 Karlsruhe, Germany� Low Temperature Laboratory, Aalto University, FI-00076 AALTO, Finland+ Landau Institute for Theoretical Physics RAS, 119334 Moscow, RussiaSubmitted 25 January 2010Resubmitted 8 February 2010The standard model of elementary particle physics and the theory of general relativity can be extended bythe introduction of a vacuum variable which is responsible for the near vanishing of the present cosmologicalconstant (vacuum energy density). The explicit realization of this vacuum variable can be via a three-formgauge �eld, an aether-type velocity �eld, or any other �eld appropriate for the description of the equilibriumstate corresponding to the Lorentz-invariant quantum vacuum. The extended theory has, without �ne-tuning,a Minkowski-type solution of the �eld equations with spacetime-independent �elds and provides, therefore, apossible solution of the main cosmological constant problem.1. Introduction. The main cosmological constantproblem is to understand why, naturally, the quantum-mechanical zero-point energy of the vacuum does notproduce a large cosmological constant or, in other words,to discover the way the zero-point energy is canceledwithout �ne-tuning the theory. Restricting to estab-lished physics, this problem was formulated by Wein-berg in the following pragmatic way [1, 2]: how to �ndan extension of the standard model of elementary parti-cle physics and the theory of general relativity, for whichthere exists, without �ne-tuning, a Minkowski-spacetimesolution with spacetime-independent �elds.An adjustment-type solution of the cosmological con-stant problem appears, however, to be impossible witha fundamental scalar �eld and Weinberg writes in thelast sentence of Sec. 2 in Ref. [2] that, to the best ofhis knowledge, \no one has found a way out of this im-passe." In this Letter, we present a way around theimpasse, which employs a quantity q that acts as a self-adjusting scalar �eld but is non-fundamental [3 { 5].The main goal of the present publication is to de-scribe, in a more or less consistent way, a particulartheoretical framework for addressing the cosmologicalconstant problem. Obviously, this builds on previouswork of the present authors and many others (see ci-tations below). But there are also two important newresults, which will be indicated explicitly.2. Minkowski equilibrium vacuum. Our discus-sion starts from the theory outlined in Ref. [4]. We in-troduce a special quantity, the vacuum \charge" q, todescribe the statics of the quantum vacuum. A concrete1)e-mail: frans.klinkhamer@kit.edu; volovik@boojum.hut.�

example of this vacuum variable is given by the four-form �eld strength [6 { 14] expressed in terms of q asF��
� = qp� det g ���
� (see below for further details).This particular vacuum variable q is associated with anenergy scale EUV that is assumed to be much larger thanthe electroweak energy scale Eew � 103GeV and possi-bly to be of the order of the gravitational energy scaleEPlanck � 1=p8�GN � 2:44 �1018GeV. Here, and in thefollowing, natural units are used with ~ = c = 1.Speci�cally, the e�ective action of our theory is givenbySe�[A; g;  ] = � ZR4 d4xp� det g �K(q)R[g] ++�(q) + Le�SM[ ; g]� ; (1a)F��
� � q ���
�p� det g = r[�A�
�] ; (1b)q2 = � 124 F��
� F��
� ; (1c)where R denotes the Ricci curvature scalar, ���
� theLevi{Civita tensor density, r� the covariant deriva-tive, and the square bracket around spacetime indicescomplete anti-symmetrization. Throughout, we use thesame conventions as in Ref. [1], in particular, those forthe Riemann curvature tensor and the metric signature(�+++).The vacuum energy density � in (1a) depends on thevacuum variable q = q[A; g] and the same is assumed tohold for the gravitational coupling parameter K. Thesingle �eld  combines all the �elds of the standardmodel (spinor, gauge, Higgs, and ghost �elds [15]) and,for simplicity, the scalar Lagrange density Le�SM in (1a)is taken to be without direct q dependence. The orig-�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 5 { 6 2010 279



280 F.R.Klinkhamer, G. E.Volovikinal standard model �elds collected in  (x) are quan-tum �elds with vanishing vacuum expectation valuesin Minkowski spacetime (this holds, in particular, forthe physical Higgs �eld H(x) [15]). The e�ective ac-tion takes  (x) to be a classical �eld, but has additionalterms to re
ect the quantum e�ects [16]. The metric�eld g��(x) and the three-form gauge �eld A�
�(x) [orother q{related �elds discussed later on] are, for the mo-ment, considered to be genuine classical �elds.The setup, now, is such that a possible constant term�SM in Le�SM (which includes the zero-point energies fromthe standard model �elds) has been absorbed in �(q), sothat, in the end, Le�SM[ ; g] contains only  {dependentterms, with the metric g�� (or vierbein ea�) enteringthrough the usual covariant derivatives. In short, thefollowing holds true:Le�SM[ 0; �] = 0; (2)where  0 denotes the constant values for the standardmodel �elds over Minkowski spacetime and � stands forthe Minkowski metric ��� = diag(�1; 1; 1; 1) in stan-dard coordinates.The actual spectrum of the vacuum energy density(meaning the di�erent contributions to � from di�er-ent energy scales) is not important for the cancellationmechanism to be discussed in this Letter. Still, we as-sume, for de�niteness, that the vacuum energy density�(q) splits into a constant part and a variable part:�(q) = �bare + �var(q) � �SM +�UV + �var(q); (3)with @�var=@q 6= 0, a constant term �SM of typical sizej�SMj � (Eew)4 removed from Le�SM according to (2),and a possible extra contribution �UV of size j�UVj �� (EUV)4 from the unknown physics beyond the stan-dard model. For de�niteness, we also assume that �var(q)contains only even powers of q and recall that q2 is de-�ned by (1c) in terms of the three-form gauge �eld Aentering the �eld strength (1b). Allowing for a generaleven function �(q) instead of the single Maxwell-typeterm 12 q2 considered in the previous literature [6 { 10]will turn out to be an important ingredient for the can-cellation of �bare values of arbitrary sign.The generalized Maxwell and Einstein equationsfrom action (1a) have been derived in Ref. [4]. Thegeneralized Maxwell equation readsr��p� det g F��
�q �@�(q)@q +R @K(q)@q �� = 0 (4)and reproduces the known equation [6, 7] for the specialcase �(q) = 12 q2 and @K=@q = 0. The �rst integral of(4) with integration constant � and the �nal version of

the generalized Einstein equation then give the followinggeneric equations [4]:@�(q)@q +R @K(q)@q = � ; (5a)2K �R�� � g�� R=2� = �2 �r�r� � g�� ��K(q) ++��(q)� � q� g�� � T��SM; (5b)where T��SM is the energy-momentum tensor correspond-ing to the e�ective Lagrangian appearing in (1a) and(2). From general coordinate invariance, the energy-momentum tensor is known to have a vanishing covari-ant divergence, r� T��SM = 0.For the special case K(q) = K0 = const, (5b) re-duces to the standard Einstein equation of general rela-tivity. For the general case dK=dq 6= 0, the action (1a)and the resulting �eld equation (5b) correspond to thoseof Brans{Dicke theory [17], but without kinetic term forthe scalar degree of freedom (!BD = 0). See also the re-lated work on in
ation theory [18], dark-energy models[19 { 22] and the connection to q{theory [23 { 25].The crucial di�erence between our theory and con-ventional f(R) modi�ed-gravity theories [18 { 22] lies inthe appearance, for us, of the integration constant � afterintegration over the three-form gauge �eld A, i.e., aftersolving the generalized Maxwell equation (4). As a re-sult, the vacuum energy density entering the generalizedEinstein equation (5b) is not the original vacuum energydensity �(q) from the action (1a) but the combination�V (q) � �(q)� � q: (6)This gravitating vacuum energy density becomes a gen-uine cosmological constant � � �(q) = �V (q) for aspacetime-independent vacuum variable q.The �eld equations (5ab) can now be seen to havea Minkowski-type solution with spacetime-independent�elds. For standard global spacetime coordinates, the�elds of this constant solution are given byg��(x) = ��� ; (7a)F��
�(x) = q0 ���
� ; (7b) (x) =  0 ; (7c)with spacetime-independent parameters �0 and q0 deter-mined by the following two conditions:" d�(q)dq � �#�=�0 ; q=q0 = 0; (8a)h �(q)� � q i�=�0 ; q=q0 = 0: (8b)�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 5 { 6 2010



Towards a solution of the cosmological constant problem 281Conditions (8a) and (8b) follow from (5a) and (5b), re-spectively, for R = R�� = T��SM = 0 and spacetime-independent q0.The two conditions (8a), (8b) can be combined intoa single equilibrium condition for q0:�0 � " �(q)� q d�(q)dq # q=q0 = 0; (9)with the derived quantity [26]�0 = " d�(q)dq # q=q0 : (10)The spacetime independence of q0 implies that of �0in (10) and, with (5a), guarantees that the general-ized Maxwell equation (4) is automatically solved bythe Minkowski-type solution (7); see below for a gen-eral discussion of this important point. In order for theMinkowski vacuum to be stable, there is the further con-dition: ��0��1 � " q2 d2�(q)dq2 #q=q0 > 0; (11)where � corresponds to the isothermal vacuum com-pressibility [3]. In the equilibrium vacuum relevant toour Universe, the gravitational constant K(q0) of the ac-tion (1a) can be identi�ed withK0 � 1=16�GN in termsof Newton's constant GN .Equation (9) corresponds to the �rst of the twoconstant-�eld equilibrium conditions given by Wein-berg [1] as Eqs. (6.2) and (6.3): @L=@g�� = 0 and@L=@� = 0, having restricted the discussion here tothe case of a single fundamental scalar �eld �. Thesetwo conditions turn out to be inconsistent, unless thepotential term in L(�) is �ne-tuned [1]. See also Sec. 2of Ref. [2] for further discussion on the impossibility of�nding a natural Minkowski-type solution from the ad-justment of a fundamental scalar �eld.The crucial di�erence between a fundamental scalar�eld � and our vacuum variable q (a non-fundamentalscalar �eld) is that the equilibrium condition for q isrelaxed: we �nd, instead of the condition @L=@q = 0,the conditions r�(@L=@q) = 0, which allow for having@L=@q = � with an arbitrary constant �. As a result,the equilibrium conditions for g�� and q can be consis-tent without �ne-tuning. The approach based on sucha q{variable bypasses the apparent no-go theorem (asforetold by Ftn. 8 of Ref. [1]) and formally solves thecosmological constant problem (as formulated in Sec. 2of Ref [2]): the original action is not �ne-tuned and neednot vanish at the stationary point, but there still exists

a Minkowski-type solution of the �eld equations. Thisrealization that the q{�eld allows for a relaxation of theequilibrium condition is the �rst of the two most impor-tant new results of the present Letter.The Minkowski-type solution of theory (1) is givenby the �elds (7) with a constant q0 parameter that solves(9) and satis�es (11). At this moment, it may be instruc-tive to work out a concrete example. A particular choicefor the vacuum energy density function (3) is given by:�(q) = �bare + (1=2) (EUV)4 sin � q2=(EUV)4 �; (12)which contains higher-order terms in addition to thestandard quadratic term 12 q2. Needless to say, manyother functions �(q) can be chosen, the only requirementbeing that the equilibrium and stability conditions canbe satis�ed [3]. With (12), the expressions for the equi-librium condition (9) and the stability condition (11)become bq 2 cos �bq 2�� (1=2) sin �bq 2� = � ; (13a)b� �1 � bq 2 cos �bq 2�� 2 bq 4 sin �bq 2� > 0 ; (13b)where EUV has been used to de�ne dimensionless quan-tities bq � q=(EUV)2 and � � �bare=(EUV)4. A straight-forward graphical analysis (Fig.1) shows that, for any� 2 R, there are in�nitely many values bq0 2 R whichobey both (13a) and (13b). The top panel of Fig.1also shows that the bq values on the one segment singled-out by the heavy dot already allow for a complete can-cellation of any �bare value between �15 (EUV)4 and+18 (EUV)4.3. Minkowski attractor. The cancellation mecha-nism discussed in the previous section provides the fol-lowing general lesson. The Minkowski-type solution (7)appears without �ne-tuning of the parameters of the ac-tion, precisely because the vacuum is characterized by aconstant derivative of the vacuum �eld rather than by aconstant value of the vacuum �eld itself. As a result, theparameter �0 emerges in (8a) as an integration constant,i.e., as a parameter of the solution rather than a para-meter of the Lagrangian. The idea that the constantderivative of a �eld may be important for the cosmo-logical constant problem has been suggested earlier byDolgov [27, 28] and Polyakov [29, 30], where the latterexplored the analogy with the Larkin{Pikin e�ect [31]in solid-state physics.However, instead of the �ne-tuning problem of thecosmological constant, we now have the �ne-tuning prob-lem of the integration constant, namely, the chemicalpotential � = �0 that �xes the value q = q0 of theMinkowski equilibrium vacuum (or vice versa, q0 �x-ing �0). Any other choice of the integration constant�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 5 { 6 2010
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velocity �eld u�(x) as discussed by Jacobson [32]. Theconstant vacuum �eld q then appears [3] as the derivativeof a vector �eld in the speci�c solution u� = u� corre-sponding to the equilibrium vacuum, q g�� � r� u� �u�� . In this realization, the e�ective chemical potential� � d�(q)=dq plays a role only for the equilibrium states(i.e., for their thermodynamical properties), but � doesnot appear as an integration constant for the dynamics.Hence, the �ne-tuning problem of the integration con-stant is overcome, simply because there is no integrationconstant.The instability of the de-Sitter solution has beendemonstrated by Dolgov [28] for the simplest quadraticchoices of the Lagrange density of u�(x) and for an en-ergy scale EUV = EPlanck entering �bare of (3). (Atthis moment, we do not consider the possibility of hav-ing a variable gravitational coupling parameter, so thatwe have K[u��] = K0 = const.) For a spatially
at Robertson{Walker metric with cosmic time t andscale factor a(t), the initial de-Sitter-type expansionevolves towards the Minkowski attractor by the follow-ing t ! 1 asymptotic solution for the aether-type �eldu� = (u0; ub) and the Hubble parameter H � [da=dt]=a:u0(t)! q0 t ; ub(t) = 0; H(t)! 1=t; (14)where u0(t) increases linearly with t for constant q0 (thenorm of the vector �eld u� is taken [3] to be uncon-strained, di�erent from Ref. [32]). Fig.2 shows explicitlythe attractor behavior, with the numerical value of q0 in(14) appearing dynamically.The following three remarks may help to better un-derstand the role of (14). First, observe that, for �-nite values of t, the aether-type �eld approaching (14)does not correspond to the q{theory Ansatz, u�� �r� u� 6= q g�� for t <1. Second, the fact that H(t) in(14) and Fig.2 drops to zero means that the Robertson{Walker metric approaches the one of Minkowski space-time, whereas, for a positive asymptotic value of H(t),the metric would have approached the one of de-Sitterspacetime. Third, the simple model with solution(14) does not appear to give a realistic description ofthe present Universe [33] and requires an appropriatemodi�cation (possibly implementing chameleon-type ef-fects [34]), but, for the present discussion, the simplemodel su�ces.It is straightforward to show that the asymptotic so-lution (14) also holds for the generalized Lagrangianwith a generic function �(u��) replacing the quadraticterm, as discussed in Sec. V D of Ref. [3]. At large cos-mic times t, the curvature terms decay as R � H2 �1=t2 and the Einstein equations lead to the nulli�ca-tion of the energy-momentum tensor of the u� �eld:�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 5 { 6 2010
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Fig.2. Aether-�eld evolution and Minkowski attractor in aspatially 
at Friedmann{Robertson{Walker universe with� � �bare=(EPlanck)4 = 2. Top panel: dimensionlessaether-type �eld component v � u0=EPlanck [multipliedby a factor ��1] plotted against the logarithm of the di-mensionless cosmic time y � log10 � � log10 (tEPlanck).Bottom panel: dimensionless Hubble parameter h �H=EPlanck [multiplied by a factor � ] plotted against y. The�eld equations are given by Eqs. (5) and (8) in Ref. [28]for �vac = �bare and �0 = �1: �v + 3h _v � 3h2 v = 0 and6h2 = 2�� ( _v)2 � 3 (h v)2, with the overdot standing fordi�erentiation with respect to � . The four numerical solu-tions shown have boundary conditions v(1) = 1� 0:25 and_v(1) = �0:25, with the dashed curves referring to nega-tive _v(1) [note that the top panel plots v(� )=� , not v(� )].All four numerical solutions approach the Minkowski-spacetime solution (14) with, for the chosen model para-meter �bare=(EPlanck)4 = 2, a value q0=(EPlanck)2 = 1appearing dynamically [see top panel]. In fact, the samet ! 1 asymptote is found for all boundary conditionsjv(1)� 1j � 0:25 and j _v(1)j � 0:25, which shows that (14)is a positive attractor. For the theory considered [de�nedby Eq. (2) of Ref. [28] for �0 = �1], the Minkowski vacuumis an attractor because the vacuum compressibility (11) ispositive, �(q0) > 0T��[u] = 0. Since (14) with du0=dt = H u0 satis�esthe q{theory Ansatz u�� = q g�� , the energy-momentumtensor is completely expressed by the single constant q:T��(q) = [�(q) � q d�(q)=dq] g�� . As a result, the equa-

tion T��(q) = 0 leads to the equilibrium condition (9)for the Minkowski vacuum and to the equilibrium valueq = q0 in (14). This demonstrates that the compensa-tion of a large initial vacuum energy density can occurdynamically and that Minkowski spacetime can emergespontaneously, without setting a chemical potential. Inother words, an \existence proof" has been given for theconjecture that the appropriate Minkowski value q0 canresult from an attractor-type solution of the �eld equa-tions. The only condition for the Minkowski vacuumto be an attractor is a positive vacuum compressibility(11). This existence proof is the second of the two mostimportant new results of the present Letter.In the previous discussion, we illustrated the com-pensation of the \bare" vacuum energy density by useof the simplest realizations of the constant vacuum �eldq, where q follows from derivatives of either the fun-damental gauge �eld A�
�(x) or the fundamental vec-tor �eld u�(x). The constant vacuum �eld q from thefour-form �eld strength tensor (1b) has been discussedearlier in, e.g., Refs. [9, 10]. But these references con-sider a quadratic function �(F ), which can only compen-sate a �bare value of a particular sign. Our approachis generic and does not depend on the particular re-alization of the \quinta essentia" | the �eld q whichdescribes the deep (ultraviolet) quantum vacuum [35].The only requirement for q is that it must be a Lorentz-invariant conserved (i.e., spacetime-independent) quan-tity in 
at Minkowski spacetime. In addition, an almostarbitrary function �(q) allows us to cancel �bare valuesof both signs; see, in particular, the example (12) dis-cussed above.Finally, it may be of interest to compare our possi-ble solution of the cosmological constant problem withthat of the unimodular theory of gravity (see, e.g.,Refs. [1, 37, 38] and further references therein). Fromthe unimodular theory of gravity, the cosmological con-stant of standard general relativity is obtained as an in-tegration constant and the Minkowski solution also fol-lows without �ne-tuning of the parameters of the ac-tion. As a purely classical theory, unimodular grav-ity is equivalent to general relativity, but its exten-sion to the quantum world can be expected to be dif-ferent from that of general relativity, which is at thecore of our approach [the q dependence of the gravita-tional couplingK in action (1a) is not essential to obtain(9) and the particular aether-type solution discussed inthe present section already has constant K]. Further-more, the unimodular gravity theory would not allowfor a spacetime-dependent \cosmological constant" and,a forteriori, would not give an attractor-type solutionapproaching Minkowski spacetime.�¨±¼¬  ¢ ���� ²®¬ 91 ¢»¯. 5 { 6 2010



284 F.R.Klinkhamer, G. E.Volovik4. Summary and outlook. In this Letter, we haveshown that it is possible to �nd an extension of the cur-rent theory of elementary particle physics (the standardmodel), which allows for a Minkowski-spacetime solutionwith constant �elds, without �ne-tuning the extendedtheory in any way or shape. For this suggested solution,the cosmological constant �bare from (3), which includesthe zero-point energy �SM � � (Eew)4 of the standardmodel �elds, is completely compensated by the q{�eldthat describes the degrees of freedom of the deep quan-tum vacuum with energy scale EUV � Eew.This solves the main cosmological constant prob-lem [39] and even addresses the next question (alsoraised in Ref. [1]): why is our present Universe closeto the Minkowski vacuum or, in other words, why doesNature prefer 
at spacetime? The answer to this ques-tion appears to be: because the Minkowski equilibriumstate is an attractor and the Universe is moving towardsit. We are close to this attractor, simply because ourUniverse is old.There remain, however, other problems. Observa-tional cosmology (see, e.g., Refs. [40 { 42] and furtherreferences therein) suggests a tiny remnant vacuum en-ergy density �V of the order of 10�11 eV4. This, then,leads to the additional cosmic coincidence problem: whyis the nonzero vacuum energy density of the same orderas the present matter energy density? One possible solu-tion [5] of the cosmic coincidence problemmay be relatedto quantum-dissipative e�ects during the cosmologicalevolution of the microscopic �eld q(x). In any case,q{theory transforms the standard cosmological constantproblem into the search for the proper decay mechanismof the vacuum energy density.It is a pleasure to thank A.Dolgov, L. Smolin, andM.Veltman for helpful comments on an earlier versionof this Letter. GEV is supported in part by the Acad-emy of Finland, Centers of Excellence Program 2006{2011 and the Khalatnikov{Starobinsky leading scienti�cschool (Grant #4899.2008.2).1. S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).2. S. Weinberg, in: N. Turok, Critical Dialogues in Cos-mology, World Scienti�c, Singapore, 1997, p. 195;arXiv:astro-ph/9610044.3. F. R. Klinkhamer and G. E. Volovik, Phys. Rev. D 77,085015 (2008); arXiv:0711.3170.4. F. R. Klinkhamer and G. E. Volovik, Phys. Rev. D 78,063528 (2008); arXiv:0806.2805.5. F. R. Klinkhamer and G. E. Volovik, Phys. Rev. D 80,083001 (2009); arXiv:0905.1919.6. M. J. Du� and P. van Nieuwenhuizen, Phys. Lett. B 94,179 (1980).
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