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We analyze the dynamics of a multi-clonotype naive T-cell population competing for survival signals from
antigen-presenting cells. We find that this competition provides with an efficacious selection of clonotypes,
making the less able and more repetitive get extinct. We uncover the scaling principles for large systems the
extinction rate obeys and calibrate the model parameters to their experimental counterparts. For the first time
we estimate the physiological values of the T-cell receptor — antigen presentation profile recognition probability
and T-cell clonotypes niche overlap. We demonstrate that, while the ultimate state is a stable fixed point,
sequential transients dominate the dynamics over large timescales that may span over years, if not decades, in
real time. We argue that what is currently viewed as ’homeostasis’ is a complex sequential transient process,
while being quasi-stationary in the total number of T-cells only. The discovered type of sequential transient
dynamics in large random networks is a novel alternative to the stable heteroclinic channel mechanism.

The main functional role of adaptive immune system
is to mount response to novel pathogens and form im-
mune memory to target the cognate ones more efficiently.
Its regulation is one of the central problems of immunol-
ogy [1, 2]. Experimental data show that the number of
naive T-cells (a type of pre-memory state lymphocytes)
remains much the same in adult healthy humans, that is
about 10! — 102 of T-cells divided into 107 — 108 clono-
types (subsets with identical recognition properties) [3].
Theoretical arguments and experimental evidence indi-
cate that the mechanism of regulation in the absence
of infection could be the competition between T-cells
for ’survival stimuli’ from specialized antigen-presenting
cells (APC) (dendritic cells, typically) [4, 5].

The huge number of T-cells is not sufficient for a
reliable functioning of the immune system: it requires
the diversity of recognition patterns of T-cell clonotypes
(TCCs) to combat pathogens in all their potential vari-
ety. Naive T-cells develop in thymus and migrate to the
periphery, their antigen recognition profiles remaining
random-like [6]. Simple combinatorial arguments show
that a massive excess in T-cell numbers is needed to
cover the pathogen space unless further selection takes
place in peripheral organs [7, 8].

The physical picture of the clonotype selection
process is the following. Naive T-cells from each clono-
type recognize its own set of antigen-presenting profiles
(APPs) (see Fig.1). Moving in the lymph node T-cells
interact with APCs (much at random) [9] and, should
recognition occur, get a stimulus for division. Cells also
have their characteristic lifetime and die occasionally.
The clonotype gets extinct if its proliferation is not rapid
enough to replenish losses, be it due to its low APP
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Fig.1. Schematic representation of T-cell — antigen presen-
tation profile recognition network as a random bipartite
graph

recognition ability or strong competition with the other
clonotypes for access to APCs.

A powerful mathematical approach is modeling TCC
competition as a Markovian birth and death process,
where the TCC-APP-specific birth rates are downscaled
by the number of competing cells and cell-specific death
rates are constant [7]. Such model, however, poses se-
rious challenges for analytical and computational stud-
ies. The progress has been possible only to the extent of
showing (in the mean-field approximation) that the more
competing clonotypes get extinct faster [7, 10], existence
of the limiting conditional probability distribution and
stochastic extinction of all clonotypes on the exponen-
tially long timescale [7, 11]. The most intriguing ques-
tions of the origin and stability of a stationary ("home-
ostatic’) T-cell pool size, distributions of the clonotype
sizes and numbers in ensembles of realistic size, the dy-
namics and timescales of selection process remain to be
answered.
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To make an advance here we develop and study a
deterministic dynamical model of multi-clonotype T-cell
population competing for survival signals from antigen-
presenting cells. We find that this competition induces a
massive extinction of clonotypes with narrower and more
overlapping recognition profiles. We uncover the scal-
ing of extinction rate to large systems and calibrate the
model parameters to their experimental counterparts.
For the first time we estimate the physiological values
of the T-cell receptor — APP recognition probabilityand
TCC niche overlap. We demonstrate that, while the ul-
timate state is a stable fixed point, sequential transients
dominate the dynamics over large timescales that may
span over years, if not decades, in real time. We argue
that the homeostasis is a complex sequential transient
process, while being quasi-stationary in the total num-
ber of T-cells only.

The theory of multivariate stochastic processes yields
the dynamical equations for mean sizes of clonotypes
with kinetic coefficients corresponding to those of the
birth and death processes [12]:

g€ Q; j#is 9€Q;

Here n; is the size of the i-th clonotype population,
is the aggregate death/migration to the memory T-cells
pool/influx from thumus rate, v is the birth coefficient,
Q; is the set of APPs recognized by the i-th clonotype,
Q; = ||Q;i|l. We take identical parameters p,~y for all
clonotypes as the results of numerical simulations with
10% random variations gave qualitatively the same re-
sults.

The TCC-APP recognition network is a random bi-
partite graph [13] of N TCC nodes connected to some
of @ APP nodes with the probability p (Fig.1). Thus,
on average, there are v = pN TCC competing for an
APP, and p = pQ APPs recognized by a TCCs. Particu-
lar numbers follow binomial distributions with variances
o, =p(l —p)N and o5 = p(1 - p)Q-

Demonstrate firstly the origin and stability of the sta-
tionary ’homeostatic’ total size of the T-cell pool. Eq.(1)
yields the closed linear first-order differential equation

N
for the total number of T-cells nit = Y n;:
i=1

Mot = —UNgot + 'YQreca (2)

where Qrec is the number of APPs that are recognized
at least by one TCC 2. Combinatorial arguments give
(Qrec) = [1—(1—p)"] Q. Eq.(2) has a unique stable
equilibrium that gives the average T-cell repertoire size

_ _ N
(ne) = <7612;ec> [ (1H ) ]Q_ 3)

While the total number of T-cells exponentially fast
converges to its stationary value (with the characteristic
exponent u), it does not tell anything about the behav-
ior of each clonotype. Much can be learned, however,
by constructing the absorbing region and the Lyapunov
function analysis. Indeed, the right hand side of each
line in (1) is negative when n; > vQ;/u, which gives the
upper boundaries of the absorbing region and guaran-
tees the absence of infinite motion. The lower bound-
aries are n; = YQ}/u, where @} denotes the number of
APPs recognized by n; solely. It is easy to see that the
clonotypes recognizing at least one such APP cannot get
extinct.

The system (1) can be rewritten in the form

fl,i = —nia—niV(nl, ...,nN), (4)
where
N Q
V(ng,oonn)=pd ni—vd In > ni (5)
i=1 g=1 i1 qeQ;

is the generalized Lyapunov function.
time derivative one gets

N N 2
av ov ov
kA A N e <
dt Pl on; i an (677,1) <0, (6)

i=1

Calculating its

where the equality holds in the equilibria of (1) only.
Otherwise V(nq,...,ny) is strictly decreasing in time,
which exludes periodic or quasiperiodic motions.

Let us turn to numerical experiments to analyze the
clonal size dynamics and statistics. The key process
that we observe is the extinction of a substantial part
of clonotypes. The distribution of clonotypes sizes is
bimodal with peaks at zero and some non-trivial value
(Fig.2). Increase in the graph connectivity with p leads
to increase in the number of the extinct and the aver-
age size of the non-zero ones. It might seem that the
classical competitive exclusion principle explains the ef-
fect [14]. Indeed, take N = 2, @ = 2 and assume that

2)1t is straightforward to show that the stochastic variable ntot
is described by a Markovian birth and death process for which the
mean, quasi-stationary distribution and other basic characteristics
can be calculated.
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Fig.2. Limiting distributions of T-cell numbers in clono-
types for N=2-10%, Q =5-10°%

the first clonotype recognizes both APPs but the sec-
ond one does only one. Obviously, n; > ns then, and
the non-trivial equilibrium with n; # 0 implies ny = 0.
Combinatorial arguments, however, show that the prob-
ability of the APP set of the second clonotype being a
subset of that of the first one gets exponentially small
with Q and the explanation fails. Hence, the complex
network structure underlies the phenomenon.

The change of variables 7; = £n;, ¢ = pt in (1)
demonstrates that the only essential parameters are
those characterizing the TCC-APP interaction network:
p, N, @. Thus, we fix p = 1, v = 10 and analyze the
extinction rate pg = po(p, N, @) defined as the ratio of
extinct clonotypes to their total number N. Numerical
results demonstrate that the extinction rate reaches the
minimum as p is increased from zero and N, @ stay
fixed (Fig.3). The probability that a TCC does not
recognize a single APP and dies out in consequence is
po = (1—p)@ ~ pQ. The probability that another clono-
type will recognize the same APP is negligibly small if
1—-(1—p)N !~ p(N —1) < 1 and competition between
TCCs can be disregarded. The larger p the more chances
are for a TCC to recognize at least a single APP but,
at the same time, competition becomes more effective.
The interplay leads to a minimum in py(p, N, Q) at the
point well approximated by ¥ = pN = 1 when a single
TCC recognizes a given APP on average. The depth of
the minimum depends on @/N: when APPs are in large
excess almost no extinction is observed, and when near
parity or in shortage the competition becomes strong
before the APP recognition gets sufficiently diverse.

Equivalently remarkable are the results in the p ~ 1
domain. It is easy to see that po(1, N,Q) = 0 as each
TCC would recognize all APPs and no one would have
Mucema B ARIOT® Tom 93
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Fig.3. Dependence and scaling of the clonotype extinction
rate po on the number of T-cell clonotypes N, APPs @,
and recognition probability p

an advantage. It follows that po(p, N, @) must have a
maximum between the minimum and p = 1. Approxi-
mating the behavior near p = 1 one can argue that those
TCC that do not recognize at least one APP while at
least one TCC recognizes all will die out with the the
correspondent probability 1 — p@ ~ (1 —p)Q. When the
probability that none of TCCs will recognize all APPs
(1—p@)Y becomes substantial competitive exclusion ar-
guments fail and the complex network structure governs
the competition.

As the statistical properties of large bipartite net-
works depend on intensive parameters v and p only, we
have hypothesized that the extinction rate should (ap-
proximately) do the same. Plotting the curves for ten
times smaller N and @ we observe a strikingly similar
behavior and downscaling abscissas by ten we get a very
good coincidence indeed (Fig.3).

This scaling is a cornerstone for linking the model to
physiological parameters. Experimental data estimate
the total number of T-cells as (ns,;) = 10! — 1012 and
the number of clonotypes as N = 107 — 10® in healthy
adult humans [3]. For definiteness we take nyt = 10!,
N = 10%. Estimates for y~! vary from several weeks
to years [15]. We take u~! = 1 year for simplicity
and rescaling to other values will be straightforward.
The main type of the antigen presenting cells are den-
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dritic cells (DCs). Their number in a lymph node is
estimated to be diot = (0.02 — 0.05) - nyo [16] and we
choose diot = 0.03 - Nyt =~ 3 - 10°. Each DC carries
about dapp = 10 different APPs on its surface. Thus,
the unknown parameters in (1) are @, p, v only.
Imaging of T-cell-DC contacts in the absence of anti-
gen revealed that C' = 500 — 5,000 distinct T cells were
'seen’ by each DC every hour (possibly, an underesti-
mation) [9]. Further on, we take C' = 2.5 - 10%hours '
for definiteness. The total number of T-DC contacts
per hour is then C' X dio;. Each T-cell meets % DCs

on average and ’surveys’ d“’npifd’” APPs. Assume that
each contact with the recognition of an APP leads to
the division of a T-cell (certainly, an overestimation).
The probability of a T-cell meeting a recognized APP
is proportional to p and is, finally, % ~ T750p.
Comparing this birth rate with that in (2) we get:

dappCd
’YQrec = ntotzM = pdAPP Cdiot- (7)
tot
Equation (3) gives
pngor = pdappCldios, (8)

which leads us to the pioneering (to the best of our
knowledge) estimate of the T-cell receptor — APP recog-
nition probability

Ntot 1
p=

= ~15-107". 9
udtot Cdapp ©)

The estimate for the TCC niche overlap — another
physiological parameter — is therefore v = pN = 15.
As long as (1 — p)V < 1, (3) gives YQ ~ unio; ~
~ 10''years~'. The upper boundary on the APPs num-
ber is Q < dapp - deot ~ 3 - 10'° ~ 300N. The lower
boundary on 7 is thus v > 3 year~!.

The scaling properties that we have uncovered al-
low us to formulate the equivalence of low dimensional
model to the real-size system. It follows that ¢ = %f,

p = p%, Q = Q% Demand that the average size of
a TCC remains unchanged: % = Dot

s F9r the para-

Aot — Q@7 — Q7 _

meters as above Qrec & Q. Then =gt = N T AN T
— Qyyu _ A e A

= =Y IB — AENiet  Hence, £ = 1 and ¥ = £X. Ac-
uN py By N > omy Y W

cordingly, 7; = & %nl =n;.

This gives us a self-consistent scaling of the para-
meters. Only one parameter () remains unknown as
7%%and7%%%. Now if N =100, 2 = 1 one
time unit corresponds to a year, p = 0.15. Assuming
Q =10- N = 10° one gets Q = 1000, ¥ = 100. Recall-
ing that v does not affect the number of extinct TCCs
we infer that the network-governed clonotype extinction
is a pronounced effect in the naive T-cell repertoire.

Given the natural human life time span the question
of the timescale to the stationary distribution becomes
crucial. Implementing the rescaling procedure as above
we study the temporal evolution of the clonal sizes in de-
pendence on the number of APPs (). The results reveal
the amazing picture of increasingly prolonged transient
dynamics with increasing @ (Fig.4). Taking one half
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Fig.4. Evolution of the clonotype extinction rate po for
N = 100, p = 0.15 and increasing number of available
APPs @ (solid lines and markers). Dashed lines corre-
spond to N = 200, same values of Q

of the final number of extinct TCCs as a threshold we
observe the characteristic time of a transient increas-
ing from T =~ 20 to T ~ 700 as @Q/N increases from 1
to 32 which is well-approximated by the linear scaling
T x @ (Fig.5). If intensive parameters v, p are fixed
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Fig.5. Dependence of characteristic transient times on the
number of APPs

the increase of N and @ and decrease of p do not change

the result significantly. Increase of p alone, however, in-
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creases transients. Remarkably, the characteristic tran-
sient time remains essentially the same if only constant
p is maintained and v varies. Hence, the dependence
upon N is weak if any. These properties are in marked
contrast with the ’rules of thumb’ in collective dynamics
of large ensembles: normally, the more coupling between
the nodes the faster transient processes end up [13]. The
more nodes there are the longer transients should take,
but not in this case again.

Let us get a deeper insight into the phenom-
enon. Plotting the time dependence of the TCCs sizes
one immediately notices that the competition process
bears pronounces features of sequential activity (Fig.6).
Extinction does not occur in parallel. On the contrary,
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Fig.6. Examples of transient competition in large TCC
networks. Note initial proliferation of the clonotypes that
eventually go extinct for a class of initial conditions

the weakest TCCs die first and during that time the
stronger ones (also destined to extinction) increase their
size. Only after their ’victims’ get extinct the stronger
ones start effective competition with each other, when
the strongest will survive. Therefore, the sequential
transient competition leads to the TCCs sizes distribu-
tion drastically different from the final stationary state.

Summartizing, we have studied the competition for
survival signals in large many-species — many-sources
random bipartite networks modeling the evolution of
naive T-cell repertoire. The exponential convergence to
the stationary size of the T-cell pool was demonstrated,
as well as the absence of periodic or chaotic oscillations.
The exponentially fast extinction of clonotypes has been
observed and identified as a mechanism for selection of
the most efficient clonotypes and improving diversity of
the repertoire. The extinction rate was shown to be a
bimodal function of the TCC-APP recognition probabil-
ity with the absolute maximum (at zero) and minimum
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(at one) additionally. This function obeys an approxi-
mate scaling with the size of the connectivity network if
the average number of competitors for a single APP and
that of TCCs recognizing a given APP remain constant.

The transient process to the stationary state has
turned out to be a prolonged sequential process of com-
petition with the approximately linear scaling of char-
acteristic time with the total number of APPs. It was
demonstrated that the distribution of clonal sizes during
the transient is substantially different from that in the
final stationary state.

Having calibrated the model to the physiologically
plausible parameters we derived for the first time the es-
timates of physiological values of the T-cell receptor —
APP recognition probability p ~ 1.5-10~7 and T-cell
clonotypes niche overlap v =~ 15. We have discovered
that the transient times may correspond to the life time
scale. We hypothesize that the T-cell homeostasis is, in
fact, a complex transient process manifested in signifi-
cant changes in the TCCs sizes (while the total size of
the repertoire stays stationary) in healthy adults addi-
tively to the renewal from thymus. Other mechanisms
of the T-cell regulation not incorporated in the model
are expected to add complexity to the dynamics rather
than simplify it. The discovered type of sequential tran-
sient dynamics advances our understanding of competi-
tion in complex networks as the only previously known
prerequisite has been the existence of stable heteroclinic
sequences [17]. These principles are expected to apply
to competition in other multi-cellular networks and pop-
ulation ecology as well.
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