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Effective Chiral Lagrangian is derived from QCD in the framework of Field Correlator Method. It contains
the effects of both confinement and chiral symmetry breaking due to a special structure of the resulting quark
mass operator. It is shown that this Lagrangian describes light pseudoscalar mesons, and Gell-Mann-Oakes-
Renner relations for pions, eta and K mesons are reproduced. Spectrum of radial excitations of pions and K
mesons is found and compared to experimentally known masses.
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1. QCD is known to possess two highly nontrivial
features at low temperatures, namely confinement and
chiral symmetry breaking (CSB). At some critical tem-
perature phase transitions of deconfinement and chiral
symmetry restoration occur. From lattice calculations it
is known that these two phase transitions take place at
the same temperature [1, 2]. The fact that two critical
temperatures coincide was not fully understood so far.
This work is a continuation of a series of papers [3-5],
where it is argued that CSB occurs due to confinement
in a very nontrivial way.

It was shown in [3] that effective four-quark interac-
tion leading to spontaneous chiral symmetry breaking,
occurs in QCD due to confinement, and is associated
with the QCD string. Thus, CSB is closely connected
to confinement. In this approach the Effective Chiral La-
grangian (ECL) containing fields of light pseudo-scalar
mesons is derived from QCD Lagrangian. This is done
by integrating out gluon fields and performing bosonisa-
tion. At the same time confinement is taken into account
through specific form of gluon-field correlators.

As a result, expanding in powers of (derivatives) of
bosonic fields, one obtains the ECL similar to the cele-
brated Gasser-Leutwyler Lagrangian [6], however in the
nonlocal form [3].

We expand ECL in powers of meson fields, and repro-
duce standard Gell-Mann-Oakes-Renner relations, while
meson masses are zero in the chiral limit. It is shown
that the vanishing of meson masses happens due to can-
cellation of two terms in Green’s functions of mesons.
Poles of Green’s function corresponding to radial ex-
citations of pseudoscalar mesons are displaced from the
masses, obtained in Hamiltonian approach without CSB
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effects (see e.g. [7] and references therein), and are

shifted down by less than 15%.

2. We consider Euclidean partition function for
quarks and gluons in the presence of external classical
currents vy, a,, s and p

= / DADYDv exp[—(So + S1 + Sing + Sg.t. + Sgn)],

So=i/d4:c(F“

S1 = —i/d“mﬂ:f (8 + 0+ ysa+ s +iysp) 999, (1)
Sint = / dizp? gAsty?.

Here f,g9 = 1,2,3 are flavor indices, t* are generators
of color SU(3) group, trt®t® = §9%/2,a =1,...8. Sgs.
and Sgp, are gauge fixing and ghost terms.

Next, we use the generalized contour gauge [8, 9]

/d az,, (s,2) 0zp(s, ) Fo,(2(s).  (2)

Oz,

Here 2, (s, z) belongs to a set of contours, with proper-
ties: 2,(0,z) = =g, 2,(1,2) = ., xo is a fixed point.
In what follows the exact position of contours is unim-
portant for our analytical results, while for numerical
estimates we will assume that contours are chosen to
minimize the spectrum (and area of the string world
sheet), to be called the minimal set of contours.

The reason we use contour gauge is that it allows
to express gauge field A, through field strength tensor
F,,. Now we are in position to integrate out gluon field
A,, expressing the result in terms of field correlators:

_ / / DD exp [~ (S + Serr )],

(exp [_Sint])A .

3)
exp [—Ser] =

5*
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We use cluster expansion to evaluate this average over
gluon fields

(S = (ant)

It is clear that gauge invariant quantities like spectrum
and Green’s functions computed with the help of Seg
do not depend on the chosen contours, if all terms of
cluster expansion are retained in (4). In what follows
we will use the Gaussian approximation, and consider
only first two terms in cluster expansion, n = 1,2. As
was shown in [10, 11] the Gaussian approximation on
minimal surfaces is accurate within few percent. Thus,
we have

Ser =~ [ dted'ydl, (@0, @), V) X

(')zp s, ) 0za(s, ) Oz (t,y) Ozx (L, y)
/ dsdt gmu ot }(‘9;1/,, x
x ([F (=(s, m))],.j [ (269D ), (P)as ()
(5)

Here i,5,k,l are color indices, a,3,7,0 are spinor indices.
Inserting parallel transporters ®(z,z¢) and ®(y,zo),
which are identically equal to unity in contour gauge,
one finally gets expression for effective action

Ser = = / dad yBl, ()] ()95, ()65 ) x

X (5jk5u -

JaB’y&(may) =

1
Etsijlskt) Jag~5(2, ),

(’Yu)aﬂ ("/V)fy& Juu (.’L‘, y)a

1
J;u/(m y) N2

62,, s, ) 0zx(s, ) Oz (t,y) Ozx (L, y)
/ dsdt oz, ot By

X tr <FP)\ ( (S, iB), 270) FP')\’ (Z(t, y)a xU))A )
F(u, o) = ®(x0,u)F(u)®(u, zo).

(6)

Performing bosonization, and keeping only scalar-
isoscalar and pseudoscalar-isovector (corresponding

to pions, K and 7 mesons) terms, one arrives at the
quark-meson Lagrangian (see [4] for details):

= / D DyyDM,Dé, exp [—Squm]
Sqm = —/d4:vd4y[1_pifa(m) X
x (i(é +0+ 758 + 8 +i75p) 150 (2
+iM, (2, 9)05(2,9) )9 (v) -
— 2N (J(z,y)) " M2(a, y)] :

J(z,y) = Juu(m’y)’
ﬁafg (IL', y) = exp (7:’)’5ta¢a(m7 y)){!%

-y +
(7)

It is now straightforward to integrate out quark fields to
obtain the Effective Chiral Lagrangian:

:/DMngba exp [—Sgcr]

Secr = 2 [ dad'y ((a,4)) ™ M2(a,0) - W (9)
W(¢) = N tr In [i(é + 9+ 58 + 8+ ivsp) +
+iM,(z, y)e”*"t“‘p“(”’y)] :
(8)

Here tr refers to flavor and spinor indices and to space
coordinates. M, is the effective quark mass opera-
tor, and ¢, are fields of pseudoscalar mesons (up to
the dimensional factor 2/f, f is the decay constant,

o = 27ra/f)-

Classical equations of motion are given by
N Tr (—S¢($,y)Ms(:L‘, y)ei’ysta(ba(w’y)%’)ta) =0,

N_.Tr (iS¢(m,y)ei75ta¢a(z7y)) _

1 (9)
_4Nf (J(.’l:,y)) Ms(zay) =0,
1
S E - -
o) = el )

This leads to solutions

¢ (z,y) =0,

MO(y) = T )T (SE@Y), (10
S(z,y) = Ss(z,y |¢=0'

Second equation in (10) is a nonlinear equation for M, ,.50),
and the existence of a nontrivial solution is a mani-
festation of the chiral symmetry breaking, since M, ©
is scalar. The system of equations (10) for M, © and
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S(z,y) was considered in [12] for the special case of
heavy-light mesons, and it was shown that it has a con-
fining scalar solution for MO (z,y) ~ o|x—x0|6W) (z—y)
for large distance |x — xo| from quark to (heavy) anti-
quark at the point xq. It is clear that the same type of
solution occurs at large interquark distances for light-
light mesons, which means that confinement and CSB
occur spontaneously and simultaneously from the non-
trivial solution of the system (10).

3. We consider ECL (8), expanding it in powers of
the field ¢, up to the second order, and we introduce cur-
rent quark masses My = diag (m,,, mq, m,). Neglecting
external currents, one obtains

W(#) = Nctr In [i(é + M+ Mseivstma)] _

=Netr In[i(d + My + M,) +
+ (_M375ta¢a - %Mstatb¢a¢b)]a (11)

W) (g) = —%tr [i8 - (M,tatspads) +

+ 5+ (Mitaga) - 1557 - (Mitogs)|.
Taking trace in flavor indices, (see [4] for details), one

arrives at the following expression for the term quadratic
in meson fields:

WO @) = [ dad'y[Wor(2,0)63(@)6x ) +

+ Wik (2,y) ¢k (2)dK (y) +
+ Wkoko(®,y)Pxo () Pxo (y) +

+% Z Wij(m,y)¢i($)¢j(y)]a

4,7=3,8

(12)

where, for example,

W (2,) = " T [Su(2,0) Mo (016 5a(y, 2)75Mi () +

+iSu(2, ) M,(2)6* (2 — y) + (u & d)].
(13)

Su, Sq and S; are quark propagators (10) with cur-
rent mass of corresponding quark in the denominator.
Here we have taken the local limit of nonlocal operators
M(z,y) — My(2)6*(z — y), ¢(z,y) — ¢(z), which is
obtained when gluonic correlation length T in the cor-
relator (F'F') tends to zero.

Two terms in (13) correspond to connected and dis-
connected diagrams, which cancel each other in the zero
momentum limit. This cancellation is exact in the chi-
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ral limit. To be more precise, quadratic term for zero
momentum (i.e. when ¢(z) = const) takes the form:

w2 (¢)| =

zero momentum
N,
- —C/d“x[wm—isu(m,x)_ (14)
4 2
~iSa(2,2))656x + - | +O(m?).
Taking into account that

() = —i(Y)p =
1 (SZ[U,(I,S,p] _ ;
“ 7 e N.Tr (iS(z,z)), (15)

where (19)ar and (P9)g denote quark condensate in
Minkovski and Euclidean space respectively, and that
¢o = 2m,/f, [ is the decay constant, m, are physical
meson fields, one finds

fPM2s = 27 |(gq)| + O(m?)
fPM2, = 2/ |(gg)| — e + O(e®) + O(m?)
FPML. = (my +m,) |(ag)| + O(m?)
FPM%o = (mq +m,) |(gg)| + O(m?)

(16)

P2, = 2+ 2m,) ag)| + £ + O%) + O(m?).
Here 7 = (m, + mg)/2. We have neglected differences
between quark condensates for different flavors, correc-
tions are of order of m2. Small mixing of ¢3 and s
states due to isospin symmetry breaking (proportional
to m, — my) yields a correction € to pion and 7 meson
masses:

70 ~ cos(8)¢s + sin(8)¢s,
ns ~ — sin(8)@s + cos(d) s,

mg — My
= 17
tan(24) \/§2ms ~ (ma + ma)’ (17)

@) (ma — ma)?
dmg — 2(my +mg)’

6 ~ 0.6°.

Thus, ECL (8) leads to correct Gell-Mann-Oakes-
Renner relations for all light pseudoscalar mesons.

4. Let us now consider Green’s functions of mesons,
generated by the pseudoscalar currents:

2
Gus(,y) = (J3(2) I (y)) = %@(2)7?%@)
T3 (z) = P(a)ystat(@), (18)

p?9(z) = po(x)tf9.
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From the ECL one obtains

1
Qjab(zay) = E f DM,;D¢, exp [_SECL] X
x[NeTr (Sp(@, ) 16t680 @) 3sta) = (19)

—N2Tr (S4(z,2)15ta) Tr (So(y,9)75ts)]

Taking M, at the stationary point (10) and expanding
Sg in terms of ¢ around ¢¢(10) = 0, one finds:

Ss(z,y) = S(z,y) +
+ / 25z, 2) - Ma(2)ysda()ta - S(zy)  (20)

As argued in [4], the coupling constant grq5 is of the or-
der of N, Y 2, and thus in large N, limit pion exchanges
are suppressed. This allows to neglect pion fields in con-
nected terms (first term in equation (19)), and consider
only one pion exchange in the disconnected term. Re-
sulting expression will contain two terms, both of order
of N,.

Taking into account, that
dia‘g (Su(xa y), Sd(wa y)a Ss (ZE, y))

vor, one finds:

S(e,y) =
is diagonal in fla-

N,
Brtnt(2,y) = 7Tr (Sa(z, y)v5Su(y, z)vs) —

N2
- Tc/d4z1d4z2Tr (Su(m, 21)Ms(21)7554(21, T)vs) X

x Tr (Sq(y, 22) My(22)75Su(22,y)¥5) G2 (21, 22). (21)

Other Green functions differ only in flavor indices. Here
G?. (21,22) = (¢ (21)9x(22)) is the propagator of pion
field. This formula can be illustrated with the Feynman
diagram:

N d N2 d d
®n+n+(x’ ») _76?_ TC?“;{;_?'
(22)

To find the pion propagator one should consider
equations (12), (13):

(Gﬁﬂ.(:l:,y))_l = Wir(z,y) =

= %Tr [2511(:10,.U)Ms(y)mr,.S‘u(y,;,;)Mﬂ(m)75 + o @3)

+(Sa(z, 2) M, (2) + Su(y, ) M (1))84(z — ).

Going over to the momentum space &(z,y) =
[ d*k/(2m)* exp(ik(z — y))®(k), where we have also
taken into account that Green function is translational
invariant, i.e. depends only on (z — y), one has:

N,
Gt (k) = TGsrol,ﬁ (k) —
N?
- SECUM (G, (GO R, (24)

GO . (2,9) = Tr (Sa(@,¥)755u (v, 2)7s) ,
GOM) (2,9) = Tr (Su(z, y) M, (y)75Sa(y, z)7s) -

Due to Egs. (14) — (16) the pion propagator (23) has
pole at k> = —M?2, and can be rewritten as

2 1
Ne g0 (k) — G0N0 (k2 = —M2,)

GOMY (2,9) =Tr (Su(@, y) M (y)155a(y, ) My(2)7s) -
(25)

’

Gﬁ+,r+ (k) =

As argued in [4], all three Green functions Gsrozﬁ,
G;O;B:J)r, and ij’ffiﬁ ) have the same set of poles, which
are poles of the quark model (i.e. confined ggq sys-
tem without chiral symmetry breaking) in pseudo-scalar

channel, and can be represented as

e 2
(0) —_ n
SECEES WS

e (M)
(0,M) _ CnCn
G7r+7r+ (k) - Z k2 +m2 ’ (26)
n=0 n
2
(0.MM) = ()
Gﬂ--i,-ﬂ—-%- (k) = Z k2 + m2 ’
n=0 n
where
Lz
Cn = Tﬂon(o)v

(27)

@n(r) is the 3D spin-singlet wave function of ggq sys-
tem, and M(0) is a constant related to mass opera-
tor M,, evaluated in [5] through ¢ = 0.18 GeV? and
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T, =1 GeV! to be M(0) = 148 MeV. Thus one has
for the pion Green function:

_ N )
RN GRS TR LIO)

o0 c2 (cS}l’”)2
YW= L e,y 29

2
= (4)

d(k) = .
2 @ )z~ 23)

Clearly, the Green function (28) has pole at k* = —M?2,,

and all poles of quark model are cancelled, since the

same set of poles appears in functions ¥(k) and ®(k).

The radial excitations of 7+ meson are given by zeros of

the function ®(k). In the first approximation it reads:
k2 = —mf(l + 61),
1 ci(m? —mg)(md — M2,) (29)
mi cf(mg — M2y) + cg(mi — M2.)

51 =

Masses of K°, K° radial excitations can be found
from (29) with the exchange of 7 meson mass and ref-
erence spectrum with those for K mesons. Numerical
results for masses of radial excited states are presented
in the next section.

It should be mentioned, that 7 meson requires sepa-
rate consideration, because of it’s mixing with isoscalar
state n', which is different for mesons and their radial
excitations. Study of n meson spectrum and mixings is
planned for the future work.

5. Masses and wave functions of reference spectrum
can be obtained from the QCD string Hamiltonian (first
derived in [13-15], and improved to take into account
quark self-energy in [16]), where we have put L = 0:

2 2 2 4
O RO B Y RO )

T 21 2pe 2 2/ 3r

Here my and mgy are current masses of quarks, pu; and
W2 are einbein parameters, to be found from the eigen-
values of Hamiltonian (30) via M, (u1,p2)/0u1 = 0,
OM,(pu1, p2)/Op2 = 0; o = papia/(p1 + p2), and p, is
the radial component of momentum. This Hamiltonian
allows to find spin averaged masses and wave functions.
Spin-spin interaction can than be taken into account as
a perturbation:

32mags1S2
Yu1p2
4 a, (3(syn)(san) — syss)
+ §<—3)
r K12

2 1 1
ASEZ——U (—-l——) n; n~09+1
M1 M2

M, = Mn(NIaNZ) + |90n(0)|2 +

+ Asg, (31)
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Agg is the quark self-energy term due to field correla-

tors. Factor 7 is a calculable function of current quark

masses, but is close to 1 when quark masses are small.
Next, we plug in numbers:

my = 0.005 GeV, mgq = 0.009 GeV, m, = 0.17 GeV,
o =0.18GeV?, a,=0.3,
(32)

and taking into account that lowest state is shifted ex-

actly to physical value of meson mass (due to Gell-

Mann-Oakes-Renner relations), we finally get the fol-

lowing chiral shift of reference (quark model) spectra:
pions:

m(15)0.51 GeV — 0.14 GeV (exact),
m(25)1.51 GeV — 1.25 GeV (exp : 1.3 GeV),
7(35)2.18 GeV — 1.98 GeV (exp : 1.8 GeV);

K mesons:

K (15)0.63 GeV — 0.49 GeV (exact),
K(25)1.57 GeV — 1.43 GeV (exp : 1.46 GeV),
K(3S) 2.21 GeV — 2.1 GeV (exp : 1.83 GeV).

It can be seen, that masses of radial excitations
are shifted by less than 15%, and the shifts are small
for high excitations. Moreover, one can estimate that
SM/M(4S) ~ 0.05 for pions and IM/M(4S) ~ 0.04
for K mesons. Also, one can see that masses of higher
excitations and the slope of radial Regge trajectory dif-
fer from the experimental. The reason is that Hamil-
tonian (30) does not take into account effects of string
breaking, which are important for highly excited states,
since they have large spatial extent. Our consideration
can be refined by including these effects, which has been
done for mesons without chiral effects in [17].

6. Effective Chiral Lagrangian (8) is derived directly
from QCD Lagrangian in the framework of Vacuum Cor-
relators Method. This Lagrangian correctly describes
light pseudoscalar mesons, which are massless in the chi-
ral limit and satisfy Gell-Mann-Oakes-Renner relations
when quark masses are nonzero.

Poles of quark model Green’s function are shifted by
less then 15%, and the shift is small for highly excited
states.
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