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The period map for pulse propagation in nonlinear optical DM fibres
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We have derived a simple recursion formula for the amplitude and chirp of the optical pulse propagating
over a Dispersion Managed fibre with zero mean dispersion. We neglect dissipation and assume the disper-
sion to be constant along the adjacent legs of the waveguide, thus providing the applicability of the integrable
nonlinear Schrodinger models within each leg. Choosing the legs to be long enough to ensure the formation of
a self-similar profile we apply the well-known asymptotic formulas for the non-soliton initial pulses. Matching
them through the interfaces of the legs we get recursion formulas for the pulse amplitude and chirp. Our

analytical results are well justified by numerical simulations.

PACS: 74.50.+1, 74.80.Fp

We consider the problem of propagation of nonlinear
electromagnetic pulses in optical fibres with periodically
alternating dispersion (so called Dispersion Managed,
or DM, fibres) and absence of dissipation. If the mean
dispersion over the period vanishes and the amplitude
of the pulse is small, then, according the linear theory,
the complete compensation of the chromatic spreading
would be achieved. In this case the map over the pe-
riod of the DM fibre would be the identical transfor-
mation and the pulses would completely restore their
profiles. However, to provide a low-error transmission
and increase the signal-noise ratio one should use optical
pulses of relatively high amplitude, thus the nonlinear ef-
fects become important and have to be accounted in the
theoretical description.

The solution of the above problem is very challeng-
ing theoretically and important for many applications
including industrial (see for example [1]). Many inter-
esting results in this direction have already been ob-
tained numerically. Maybe the most advanced analyti-
cal results were established on the basis of the Gabitov-
Turitsyn approximation [2—4].

Our approach to the problem is entirely differ-
ent. We use the fact that the corresponding nonlinear
Schrédinger equations (NLS) with positive and nega-
tive dispersion are completely integrable systems. The
integration scheme (the Inverse Scattering Transforma-
tion, IST, see [5]) first developed by V. E. Zakharov and
A.B. Shabat in 1971 provides an adequate tool to mon-
itor in details the pulse dynamics. Also we assume that
the length 2o of each leg of the fibre is long enough: that
enable us to use the asymptotic methods for the solution
of the direct and inverse scattering problems (c.f. [6]).
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Our goal is to find an explicit map of the pulse over the
period of the DM fibre. Suppose we have a pulse pro-
file 4,(t) at the entrance of the m-th leg (for example
with negative dispersion) and we want to find the profile
lip41(t)of the pulse at the exit of the consequent leg with
positive dispersion. We propose the following scheme:

a) Using the Lax operator L~ corresponding to the
NLS equation with negative dispersion with the
potential u,, (£, —20/2) = 1y (t) we solve the direct
problem to determine the scattering data.

b) The scattering data have simple evolution law,
thus it is easy to find the corresponding data at
the exit of the n-th leg with negative dispersion.

c¢) Solving the inverse scattering problem we find the
profile u_, (¢, 20/2) at the exit of the n-th leg, which
serves as initial data for the next leg (with positive
dispersion).

d) Using the Lax operator LT corresponding to the
NLS equation with positive dispersion with the
potential u;l (t, —20/2) = u, (t,20/2) we solve the
direct problem to determine the scattering data.

e) Find the corresponding scattering data at the exit
of the leg with positive dispersion.

f) Solve the inverse problem in order to find the
emerging pulse @, 11(t) = u; (¢, 20/2) after the pe-
riod of the DM fibre.

We would like to emphasize that all the above men-
tioned steps can be explicitly performed and we also can
totally control the accuracy of asymptotic solutions to
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the direct and inverse scattering problems. As the result
we obtain an explicit recurrent relation which enable us
to determine the propagation of a pulse over many peri-
ods of the DM fibre.

We have compared our analytical solution with the
direct computer simulation of the problem and found a
good agreement of the results. Moreover, it immediately
follows from our solution that the nonlinear contribu-
tion to the chirp of the pulse accumulates with distance.
This observation is in excellent agreement with numeri-
cal simulations as well.

1. Basic facts and notations. The basic model for
describing of optical fibres is the nonlinear Schrédinger
equation, which can be written in the dimensionless form

i, £ ug +20u)Pu =0, u=ut(tz2), 1)
after proper rescaling. The signs ”plus” and ”minus”
stand for positive and negative dispersion legs respec-
tively. The NLS equation is known to be integrable, the
corresponding Lax operators

Li _ at + % :F“T'/
—iu 8t — i

for the spectral transform were found by V.E.Zakharov
and A.B.Shabat about thirty years ago. We shall con-
sider pulses rapidly decaying as |t| — oo and assume
that the spectral problem (2) does not have discrete
eigen-values. That is the most interesting region of pulse
parameters which are commonly used in optical systems
of telecommunications [1]. The continuous spectral data
yields the standard z-evolution [5]

0
Wﬁ(exp(%) ), t — +o0,

b:l:( :I:z)\z ( %) B
\IJ—)( ai()\)exp(") ), t— —oo. (3)

and satisfy the unitary condition |a*|? & [b*|?> = 1 to-
gether with analytically of the a* functions at the upper-
half plane Im A > 0.

Here we shall assume that both legs with positive and
negative dispersion have equal length zg and § = 2z, Lis
a small dimensionless parameter of our theory § < 1.
It is convenient to introduce a notation for the small
parameter € = z, ' In zo.

Suppose we have a pulse u(t,0) given at the middle
of a leg with positive dispersion. We assume that this
initial data does not contain solitons. Then at the exit

of the leg, i.e. at z = 2¢/2 it evaluates to the following
asymptotic form (see [7—10])

20y _ 5172 | o(8) — (0*(€))ee %
u(t, 2)_5/ [(5) 574a(£) +O(6)]

xexpi{§;+ 2;6) +O(1)}, £ =1to, (4)

where the amplitude a(£) can be expressed in terms
of scattering data o?(£) = —X In|a™(¢)| for the corre-
sponding spectral problem.
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Solution (4) suggests the following forms for func-
tions wu, (t,—20/2),u, (t,20/2) = wu}t(t,—20/2) and
ut(t,20/2) (see Fig.1):

Uy, (t,—20/2) =
= 572(47 60 + O exp { 2R g

Uy, (t1 ZO/Z) = u:(ta _ZO/Z) =

= §'2(An(€,€) + O(6)) exp {%} (6

u: (t’ 30/2) =

=t 6 + 0 e { ZRDL
where
Su(6:6) = € + 267, (€) + 09, + O(e?),
Sn(€,€) = € + 2e7a(€) + dpn + O(€?).

Functions v, (£), v (£) we call the nonlinear logarithmic
phases and A, (¢,€), AL (¢, ¢) the amplitudes. The rep-
resentations (5)—(7) can be rigorously justified by the
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asymptotic solutions of the corresponding inverse scat-
tering problems providing the conditions

d*¥n
dg?

d2,y:|:
d¢?

i <1, g2 < )

Conditions (8) we call the small nonlinear chirp con-
ditions. The origin of these conditions is the following.
We apply the WKB method to solve the corresponding
direct and inverse scattering problem and conditions (8)
guarantee that only one turning point contributes in the
result.

2. In sections a)—f) which correspond to the steps
described in Fig. 1 we work with one period of the DM
fibre and omit the index n in our notations. We will
restore the index in the section devoted to the recursion
relation.

a. In order to solve the direct scattering problem cor-
responding to potential u,, (¢, —29/2) we substitute (5) in
the spectral problem (2), (3) and perform the change of
variables. As the result we get

VB, = —iA-exp { ~iS~(&,€) + 2i,\§} b,

20
N _ 9)
Vo =iA~ exp {—ZS (& 25_ 2008 } Y1,

where ' = d/d¢ and ¥ = (/2 4hye#A/2)T,

(3)..-(2)
¢2 t—+o0 1 7

_ 20 ’L)\Z (10)
(o) - e {if)
wz t——o0 a” ()‘a _ZEO)

Following the pioneer work of V.E.Zakharov and
S.V.Manakov we solve the system (9) by the WKB-
method. The stationary (or turning) points here are
found from the equation S’, — 2\ = 0, which is

E+evi(§)—r=0. (11)

Condition (8) guarantee that there is only one turn-
ing point

A2 (p,e) (12)
=exp{ —1t ——————dpj, ImA>0,
/ p—A+ev,(p)

— 00
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b-(\-3) =
=B7(A) exp (_2iEA+(A’2E;_2iE’Y+(/\)> , ImA =0.
(13)

where the function 37 (A) can be found explicitly, but
we do not use it in the following consideration.

c. Using the asymptotic solution of the inverse scat-
tering problem for operator L~ (actually following the
original method prosed in [6]) we can relate the ampli-
tude A(&, €) and the logarithmic phase () at the exit of
the leg with negative dispersion with A~ (¢, ) and vy~ (§)

(A7(£,0))” + (A(=£,0)* +77(&) —1(=) =0, (14)

+oo
(A(p,¢))? ~
/ prAti0— () "

+oo
_ (A (pe)?
‘xép—x—w+sw<my@’ 1o
where Im A = 0.

Under the assumption of the small chirp (8) it is easy
to solve integral equation (15). Since each functional
equation

E=p+e(y (), E=v+etry(—v)),

has only one root, the real parts of the singular integrals
(15) yield

2 1—¢ (7(’/))” - 2
= Tl e (6)

Eq.(14),(16) can be easily solved in order to express
A(&,€) and y(§) in terms of A~ (£,¢e) and v~ (§).

d-f. Very similar to the sections a-c we solve the di-
rect and inverse scattering problems for operator L™ on
the leg with positive dispersion. It enables us to relate
the amplitude A(£,e) and logarithmic phase (&) given
at the entrance of the leg with the exit values A1 (¢, ¢)
and vt (€). The result is very similar to (14), (15):

(A7(6,0))* + (A(=£,0)* +7() =77 (©) =0, (17)

(A(v,¢€))

dp =

7? (A (p, ))?
P—A—i0+e(rr (@)

—00

+oco
/ (A(p,€))? dp, (18)

p+A+i0 —e(v(p)

—00
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where Im )\ = 0.
Providing the small chirp condition (8) equation (18)
can be easily solved

1-e(vv))" (A(v,e))". (19)

where p and v are unique solutions of equations

(A% (n,€))* =

E=p+e(v (W), &=v+e(y(-v))-

3. Assembling the results obtained in the previous
section and restoring the index n which enumerates the
sections of the DM fibre we arrive to the recursion re-
lations for the amplitudes and logarithmic phases of the
pulse

(4 (6,0 + (An(~6 0 +7%; (&) ~7n(~6) =0,
(4560 + (An(~6 0)* +7a(~8) ~ 75O = 0,
(A () = 12020 (A e),

(45 o 2)? = LT )

A11(6e) = A5 (60,
Ynt1(8) = 72 (€)-

Here vy, fin, tin, Vn are solutions of the following equa-
tions

§=fin+ 5(7n(ﬂn)),a E=vn+ 5(71:(_1%)),,
§=pn+ 5(7:(/%1)),, E=tm+ 5(711(_1)71)), .

These solutions are unique providing the small chirp con-
ditions (8).

It follows from the above recursion relation that the
small chirp condition is not uniformly valid and will
brake down at some distance, even if it satisfies well
for the input pulse. Indeed, suppose the initial profile is
of the form (4)

(@*(€))ee
4a(8)

and satisfies the condition (8). It follows from the above
recursion relations that after n periods of propagation
we receive

v (6) = a?(€), A7 (&e)=a(é) —¢

Yn+1 (5) = (2’I’L + 1)0(2 (g)a
Anir(6,6) = a(e) — 20T ”((5(5”“ +0(e),
’Y:-H (&) =(2n+ 3)0‘2(6),
4
Afee) = ol + DO L o),

It is clear that for n ~ max((y~(£))"")e~! the condition
(8) fails and we have to account other turning points in
the WKB analysis, which is beyond of the scope of this
paper. According our theory, the nonlinear contribution
to the chirp (7"(£)) is increasing with the propagation
of the pulse along the DM fibre.

4. Direct numerical simulations of the NLS equation
with alternating dispersion are in a good agreement with
our analytical results. The standard split-step pseudo-
spectral scheme were used for the numerical solution of
the problem. The initial condition was taken in the form

0) = 0.42 . 20
u(t,0) = 0. exp(—ﬁ+4) (20)
By the numerical solution of the direct scattering prob-
lem we have checked that the spectral problem with po-
tential (20) does not have discrete eigen-values. The
length of each leg was taken large enough zo = 400, so
that

5= 1 — 0.0025, E:1n400

~ 0.015.
400 400 0.015

We compared the numerical profiles of the pulse at the
points of the interfaces with the analytical expressions
obtained via the recurrence relations. The results are
shown on Fig.2. The increasing of the nonlinear contri-
bution to the chirp obtained analytically is in a perfect
agreement with our numerical simulations.

5. Conclusion. The study of the DM maps is a
new approach to the problem of description of pulse
propagation in optical fibres with dispersion manage-
ment. Our paper is a first and quite modest step in
this direction, but we believe that it can be useful for
further understanding and even description of the opti-
cal pulse evolution over a number of initial DM—periods
of its propagation in DM systems. It is very important
that we can rigorously control the accuracy (more pre-
cisely, the residue terms) in our asymptotic formulas.
The small nonlinear chirp condition (8) imposes nat-
ural limitations on the applicability of our theory. We
are still unable to control analytically the formation of
true DM-—solitons. There are significant complications in
the application of the WKB asymptotic technique while
dealing with multiple stationary points which contribute
in the solutions of the corresponding direct and inverse
scattering problems. The work in this direction is cur-
rently in progress. We hope to overcome this drawback
and receive a functional discrete dynamical system for
the corresponding amplitudes and phases, which would
have the DM-soliton as its attractor. That would also
open a perspective to solve a challenging problem of the
description of the DM—solitons interaction.
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Fig.2. The subsequent pulse amplitude profiles. The
solid line corresponds to numeric simulation, dashed
line — to asymptotic expansions by the recurrence for-
mulas

Another promising direction of the development is
the study of systems with amplifiers and filters at the
junction points of the legs with different dispersion. It
is easy to control the pulse dynamics by multiplying the
transmission coefficient a(A) on a fixed constant (the
amplification factor), or even on a function (filtering).
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As well one can made obvious modifications of the above
theory to describe DM systems with any constant-wise
profile of dispersion.

We would like to thank the participants of the semi-
nar at the Landau Institute for useful and critical dis-
cussion. The work was supported in part by the RFFI
(grant # 99-01-00431) and by the INTAS (grant # 99-
1782). One of the authors (V.Yu.N) would like to thank
the Leeds University (Dept. Appl. Math.) for support
and hospitality. We are grateful to the Royal Society for
the support of the joint project with the Landau Institute
for Theoretical Physics.

1. V.E. Zakharov and S.Wabnitz (Eds.), Optical Soli-
tons. Theoretical Challenges and Industrial Perspec-
tives, Springer, EDP Sciences (1999).
I. Gabitov and S. Turitsin, Opt. Lett. 21, 327 (1996).
3. V.E. Zakharov and S.V. Manakov, JETP Lett. 70, 578
(1999).
4. S. Turitsin and V. Mezentsev, JETP. Lett. 67, 640
(1998).
5. Theory of Solitons, Ed. S.P. Novikov, Moscow, Nauka,
1980.
6. V.E. Zakharov and S.V. Manakov, JETP 71, 203
(1976).
7. A. Hasegava, Solitons in Optics, Academic Press,
(1995).
8. V.Yu. Novokshenov, Sov. Math. Doklady 251, 799
(1980).
9. A.R. Its, A.G. Izergin, V. E. Korepin, and G. G. Varzu-
gin, Physica D54, 351 (1992).
10. P. A. Deift and X. Zhou, Comm. Math. Phys. 165, 175
(1994).

[V

4*



