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Straightforward evaluation of the correlation functions in 2D minimal gravity requires integration over the
moduli space. For degenerate fields the Liouville higher equations of motion allow to turn the integrand to
a derivative and thus to reduce it to the boundary terms plus so-called curvature contribution. The last is
directly related to the expectation value of the corresponding ground ring element. We use the operator product
expansion technique to reproduce the ground ring construction explicitly in terms of the (generalized) minimal
matter and Liouville degenerate fields. The action of the ground ring on the generic primary fields is evaluated
explicitly. This permits us to construct directly the ground ring algebra. Detailed analysis of the ground ring
mechanism is helpful in the understanding of the boundary terms and their evaluation.

PACS: 11.25.Hf

1.Introduction

1. Liouville gravity (LG) is the term for the two-
dimensional quantum gravity whose action is induced
by a “critical” matter, i.e., the matter described by a
conformal field theory (CFT) M, with central charge
c. This induced action is universal and is called the Li-
ouville action, because its variation with respect to the
metric is proportional to the Liouville (or constant cur-
vature) equation [1]. Let us denote {®;, A;} be the set
of primary fields and their dimensions in M..

2. Liouville field theory (LFT) is constructed as
the quantized version of the classical theory based on the
Liouville action. LFT is again a conformal field theory
with central charge cr. It is convenient to parameterize
it in terms of variable b or Q = b~ ! + b as

e =1+ 6Q2. (1)

Parameter b enters the local Lagrangian
1
Lr = 1 (0a9)” + pe™? (2

where ¢ is the dynamical variable for the quantized
metric (ds?> = exp (2b@) Japdz®da® is interpreted as the
metric in isothermal coordinate system?)) and p is the
scale parameter called the cosmological constant. Ba-
sic primary fields are the exponential operators V, =
= exp (2a¢), parameterized by a continuous (in general
complex) parameter a in the way that the corresponding
conformal dimension is A{") = a(Q — a). Liouville field
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2) Jab is the “reference metric”, a technical tool needed to give
LFT a covariant form.

theory is exactly solvable [2]. In particular the three-
point function Céf,)az,,,a = (Va, (1) Voo (22) Vay (3))y, is
known explicitly for arbitrary exponential fields (see e.g.
[3]). In LG the parameter b is chosen in the way that
together with M, LFT forms a joint conformal field the-
ory with central charge ¢ + ¢, = 26. Technically it is
also convenient to include the

3. Reparametrization ghost field theory. This
is the standard fermionic BC' system of spin (2, —1)

Agn = % / (COB + COB)d*z (3)
with central charge —26, which corresponds to the
gauge fixing Faddeev-Popov determinant. The mat-
ter+Liouville stress tensor T generates a Virasoro al-
gebra with central charge 26. Together with the ghost
field theory this allows to form a BRST complex with
respect to the nilpotent BRST charge

dz

Q= 7{ (€T + 0oCB) )

4. Correlation functions is one of the most im-
portant problems in the LG. In gravitational correlation
functions the matter operators ®; are “dressed” by ap-
propriate exponential Liouville fields V,, in the way to
form either the (1,1) form U; = ®;V,, of ghost number
0 or the dimension (0, 0) operator W; = CCU; of ghost

number 1. In both cases this requires
A +ai(Q —a;) = 1. (5)

Invariant (or integrated) correlation functions are inde-
pendent on any coordinates and better called the cor-
relation numbers. In the field theoretic framework, a
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Moduli integrals and ground ring in minimal liouville gravity 9

(genus 0) correlation number (U;...U,)g at n > 3 is
constructed as the integral

(Ul...Un)G:/ (Wi(@1) ... W (@) = (6)

n

/ (Wi (1) W (2) Ws (00)Us(04) s . . Uln)dn)

The integration here is over the moduli space M,, of the
sphere with n punctures. Technically it is equivalent to
choose any 3 of W; at arbitrary fixed positions z1, x>
and z3 and integrate the (1, 1) forms U;(z;)d?z; inserted
instead of W; at i = 4,... ,n. At n < 3 the definition is
slightly different. This is because of non-trivial confor-
mal symmetries of the sphere with 2 and 0 punctures.

The simplest case of (6) is the tree-point function,
where the moduli space is trivial and the result is fac-
torized in a product of the matter, Liouville and ghost
three-point functions

(UrU2Us) g = 21212223 F23231 %31 ¥ (7)
X (®1(21) 2 (22) ®3(23)) cpr (Vi(21)Va(22)V (23))y, -

The three-point functions (®;(x1)®2(x2)®3(3))cpr, OF
the structure constants of the OPE algebra, are known
explicitly in solvable matter CFT’s. Thus eq.(7) gives
the LG 3-point function in the explicit form. The two-
point function and the zero-point one (the partition sum)
are simply read off from this expression of the 3-point
function.

5. The four-point function is the next step in the
order of complexity

(U1U2U3Us) g = 12%12223T23231 %31 ¥ (8)
« /(<I>1(m1) e Ba(2)) oy (Vi(@1) .. . Va(za))y, d*a.

This expression is much less explicit. First, it involves
the integration over z4. Then, even if the matter 4-point
function is known in any convenient form, general repre-
sentations for the Liouville four-point function are more
complicated. E.g., the “conformal block” decomposi-
tion [3] involves the so called general conformal block
[4], which is by itself a complicated function of its ar-
guments, not to talk about the integration over the “in-
termediate momentum” P in [3]. In the present paper
we take a preliminary step towards the evaluation of the
four-point integral in the special case of

6. Minimal gravity (MG). If the conformal mat-
ter M, is represented by a minimal CFT model (more
precisely, a “generalized minimal model” (GMM), see
below) Mz, we talk about the “minimal gravity” (MG)
(respectively generalized minimal gravity (GMG)). In
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GMG the evaluation of the four-point integral is dra-
matically simplified in the case when one of the matter
operators ®; in the r.h.s. of (6) is a degenerate field
®p,.n. This is due to the so called “higher equations
of motion” (HEM) which hold for the operator fields in
LFT [5. ¥ Us = Unn = ®maVinn Vimn is an ap-
propriate dressing for ®,, ), HEM allow to rewrite the
integrand as a derivative and thus reduce the problem to
boundary terms plus so-called curvature term. The last

is directly expressed in terms of the expectation value
<Om,nW1W2W3) of the

7. Ground ring (GR) element O, , related to
the field ®,, . Therefore, we want to learn handle the
ground ring algebra and the correlation functions of its
elements. This knowledge will also prove instructive in
the subsequent calculations of the boundary terms.

2. Generalized minimal models

Strictly speaking, minimal models of CFT M, [4]
are consistently defined as a field theoretic constructions
only if the “parameter” p/p' is an irreducible rational
number so that p and p' are coprime integers. In this
case the finite set of (p — 1)(p' — 1)/2 degenerate pri-
mary fields ®,,,, with 1 < m < pand1 < n < p
(modulo the identification ®, 5, = ®p_m p'—n) form, to-
gether with their irreducible representations, the whole
space of M, /y. “Canonical” minimal models M,,/,» are
believed to be a completely consistent CFT, i.e., to sat-
isfy all standard requirements of quantum field theory,
except for the unitarity. They are also considered ex-
actly solvable as the structure of their operator product
expansion (OPE) algebra are known explicitly [6].

There are many ways to relax some of the require-
ments leading to the set of M/, as unique CFT struc-
tures. For example, in the literature the “parameter”
p/p' is often taken as an arbitrary number (e.g., [6]).
The algebra of the degenerate primary fields doesn’t
close any more within any finite subset and rather the
whole set {®,, » } with (m, n) any natural numbers forms
a closed algebra. Moreover, other authors include lo-
cal fields with dimensions different from the Kac values,
even continuous spectrum of dimensions. Although the
consistency of such constructions from the field theoretic
point of view remains to be clarified, these extensions
prove to be a convenient technical tool. Moreover, sta-
tistical mechanics offers a number of examples where
either a generalization of M,/ for non-integer p/p' is
essentially necessary or non-degenerate primary opera-
tors appear as observables (or both).
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In this paper we denote b?> the parameter p/p’ and
admit the notion of GMM in the most wide sense as a
conformal field theory with central charge

c=1-6(0b"'-0)? (9)

which may involve fields &, of any dimension. Con-
tinuous parameter « is introduced to parameterize a
continuous family of primary fields with dimensions
A, = a(a — q), where ¢ = b~ — b. Also we always use
the “canonical” CFT normalization of the primary fields
®, through the two-point functions (®o®a)gyy =
S

Degenerate fields ®,,, have dimensions ASXI ,)L =

= —¢°/4+ A2, _,, where a convenient notation
A =mb /2 + nb/2 (10)

is introduced. They correspond to either a = oy, Or
& =q— Qmy With amn = ¢/2+ A_m,n- The main re-
strictions, which singles out this apparently loose con-
struction, is that the

1.Degenerate fields ®; 5 and ®,; (and therefore
in general the whole set {®,, ,}) are in the spectrum.

2. The null-vectors in the degenerate representa-
tions @, , vanish

DM &, , =D&, , =0. (11)

Here D,(,lx[,), (D,(nlv,l,)l) are the operators made of the right
Virasoro generators M, (respectively left M,) which
create the level mn singular vector in the Virasoro mod-
ule of ®,, ,. For definiteness we normalize these opera-
tors through the M™" term as D,(nN,IT)L = M™"+... First
examples read explicitly

D) = M2, — M , (12)
Dﬁf) = M3, — 20> (M_sM_y + M_1M_,) +4b*M_3.

It turns out that this set of definitions imposes im-
portant restrictions on the structure of this formal con-
struction. The three-point function Cyv(ai, @2,a3) =
= (o, PayPas) guu Of “generic” primary fields can be
restored uniquely from the above requirements [7]. At
the degenerate values of the parameters a; = o, n;
(and if the standard “fusion” relations are satisfied) the
known degenerate structure constants [6] are recovered.

Explicit form of the OPE of &, » and a generic pri-
mary field ¢,

3) Unusual notations My, for the Virasoro generators of the mat-
ter conformal symmetry are chosen to save L, for the generators
of the Liouville Virasoro.

@1,5(2)Ba(0) = O (@) (@2)* [Ratays] +
+ 0 () (7)1 20 [8, 4]
([®4] stands for a primary field &, and all the tower of

its conformal descendants) will be of use below. In our
normalization

2 2 1/2
CELM)(OA) _ [’y(b )y(2ab + 2b* — 1)] , (13)

v(2b62 — 1)7y(b? + 2abd)

™) y(2)y(2ab + b2 — 1)1"/?
=) = [ +(2 — 1)y (2ad) ]

Other exact results in GMM form a somewhat mis-
cellaneous collection. What is important for our pro-
gram is the construction of the four-point function
(P (2) oy (1) Pay (22) oy (23)) gpry With one degen-
erate field ®,,,, and three generic primaries ®,[4]. The
null-vector decoupling conditions (11) entail in general a
system of partial differential equations. In the four-point
case it reads as an ordinary linear differential equation
of order mn, whose independent solutions are the confor-
mal blocks F, ;(z) appearing in this correlation function.
The four-point function is then combined as

(m,n)
Ggilfbl;ghahas () = Z Cri(@m,n, 01,01 + A _5) X

7,8

X CM(al + )\r,fs,a%a3)fr,s(m)fr,s(:i)1 (14)

where )\, ; are as in eq.(10) and the sign Zg’g") stands
for the sum over the following set of integers (we use the
notation {n; : d : n1 +nd} = {n1,n1 +d,... ,n1 +nd})

(rs)={-m+1:2:m-1},{-n+1:2:n-1}).
(15)

Presently, when considering the GMG we restrict our-
selves only to the four point function with one degenerate
matter field ®,, ,, leaving the other three to be formal
generics ®,. In particular, expression (14) is the rele-
vant construction for the matter part of the integrand in
eq.(8).

When dealing with GMM it is important to keep
in mind that there are objects of different. Some are
continuous in the parameter b2, like the central charge,
degenerate dimensions or certain correlation functions.
Others may be highly discontinuous and dependent on
the arithmetic nature of the numbers p and p'’. Sim-
plest example is the number of irreducible Virasoro rep-
resentations entering the theory. This warns us to be
careful when trying to reproduce the results of M,
as a naive limit of M2 as b2 — p/p’ and @ = amn
in the formal primary fields. This is why we stress that
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the three matter fields ®, in the matter function have
generic non-degenerate values of the parameters a;, as
and asg.

3. Higher equations of motion

Let am,n = @/2— Am,n with (m,n) a pair of positive
integers, so that V,, , = V;,, . are the Liouville exponen-
tials corresponding to degenerate representations of the
Liouville Virasoro algebra. Let also D,(,E‘,)n be the cor-
responding “singular vector creating” operators made
of the Liouville Virasoro generators L,,, similar to the
operators DSLVI ,)l introduced above. In fact D,(,% )n is ob-
tained from D(M) through the substitution M,, — L,
and b*> — —b%. Like in GMM, in LFT the correspond-
ing singular states vanish

D Vinn = D) Vinn = 0. (16)
Let D,(,E‘,)n be normalized similarly to (12) as Dg,I{,)n =
= L™+

Define also the “logarithmic degenerate” fields

1
Vin= 3 Velomam, (17)

for every pair (m,n) of natural numbers. These fields
are not primary. Under conformal transformations z —

— y they transform as
Y25 Vi (¥) = Vi (@) = AL Vi n(2) 0g [0
(18)

where y, stands for Oy/0z. Nevertheless, as it is shown
in [5] D 5,5‘ ) D )nV,il » 18 a primary field and, moreover,
the following identity holds for the LF'T operators

D) D) Vi, . = Bumn Vi, (19)

m,n " m,n
where V;, , = Vala=am,_n is the Liouville exponential of

. . L .
dimension Agn,)n + mn. The numerical constant B, ,
reads

(7T[L"/(b2)) n b1+2n—2m

(1 = m + nb?) ks (20)

Bm,n =

where H{ ™} stands for the product over (k1) =
= ({-m+1:1:m—-1}@{-n+1:1:n—1})\(0,0). It
is important to observe is that in GMG the exponential
Vm,n is naturally combined with the corresponding min-
imal matter field ®,,,, to form the dressed (1,1) form

Um,n = ém,nffm,n- (21)

This fact makes HEM crucial for the integrability of (8)
in MG.
IIucema B AT Tom 82
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4. Generalized Minimal Gravity

Here we quote some known results in GMG. It is
repeatedly observed in the literature, that in GMG the
matter GMM parameter b coincides with the one of the
corresponding LFT. This is why we keep the same nota-
tion throughout this paper. For the dressed matter fields
U, = ®,V,, eq.(5) allows two solutions. For definiteness
let’s take

Up = B0_yVa. (22)

The GMG problem is to evaluate the gravitational cor-
relation functions (6) with the matter part given by the
GMM expressions. Thus in GMG we’re restricted to
the cases where the GMM correlation function is unam-
biguously determined.

The three-point function is easily calculated by mul-
tiplying Cm(a1 — b, a2 — b, ag — b) by the corresponding
Liouville three-point function C,g‘,)az,%.
product can be written in the form

The resulting

(Wlll Waz Waz)GMG = QN(al)N(GZ)N(a3)7 (23)
where W, = CCU,Y,
Q = [muy®)] Y [y -6 %Y (29)

and the “leg-factors” N(a) read

—b52))2.
(25)

N(a) = [mpy(8)] ™" [7(2ab — b%)y(2ab™"

The two-point function (UyUs)gpm and the partition
sum Zr, can be restored from this expression as

_ 2@/ _NV2(a)
(UaUa)GMG - [ﬂ-l‘l"‘/(b )] 7r(2a _ Q) (26)
and
1-0b?
71, = b? @/ _ . 2
L= e Sy 7
For the normalized correlation functions
<<Wa1 Waz Wa2>> = _1 <Wal Waz Waz)GMG and
(UU)) = Z7 (U, )GMG it is convenient to

use slightly different leg-factors

v(bm(b—%]l”, (28)

N(a) = 7N (a) [m

“Later on we’ll use sometimes less compact notations U(a) =
Ug and W(a) = W,.
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so that
3
(W Wau Was)) = (147267267 = 1) [[ M (@),
(b2 +1)b2(b 2 - 1)N,2(a). (29)

((UU,)) = (2ab-1 — b2 1)

At the generic values of a it will prove convenient to
define renormalized fields

U@)=N""a)Ua; W(a)=N"(aW,, (30)
for which (29) is reduced to

(W@ua)) = 920D,

(W(a1)W(a2)W(a3))) = (9 + 1)g9(g — 1),

where ¢ = b=2 and s = ab~!. Tt is readily verified
that formally W(a) = W(Q — a), i.e., in this normaliza-
tion the dressed matter operators are independent on the
choice of the dressing. This might seem an important
advantage. The price to pay is that the leg-factors (25)
are sometimes singular and in any case depend on the
cosmological constant p.

(31)

5. Discrete states and the four-point integral

The next level of difficulty is the four-point correla-
tion number (Uy,Ua,UayUa,)gue 8iven by the integral
(8). If one of the four matter operators, e.g., @4, = ®m,n
the matter four-point function is constructed through
(14). Let the rest three fields stay generic formal pri-
maries of GMM?®). Our purpose is to evaluate the inte-
gral

<Um,nUa1 UazUa3)GMG =
- / Unn (2) Wy (21) W (@2) Wy (23)) P, (32)

where U, ,, is the dressed degenerate field ®,, , defined
n (21). Denote

Gm,n = Qm,nvm,n (33)

the direct product of the matter and Liouville degenerate
fields, and introduce the operators

(and similarly D, ,) where DsnM,)L and D,(,E‘,)n are the mat-

ter and Liouville “singular vector creating” operators in-
troduced above.

5) As we’ll discuss at the end of the paper, the last requirement
is essential, because sometimes correlation functions with degener-
ate fields are not straightforward limits of those with generic ones
with the appropriate specialization of the parameter.

Proposition 1: For every pair (m,n) of positive
integers there exists an operator H,, ,, made of the Vi-
rasoro generators M,,, L, and the ghost fields B and C
as a graded polynomial of order mn — 1 and ghost num-
ber 0, such that Hp, ,On,» is closed but non-trivial.
Operator H,, ;, is unique modulo exact terms.

Statement 1 can be verified by explicit calculations
on the first levels. One finds

Hi»=M_,—-L_;+bCB, (35)
His=M> —M_ L 1 +L>, — 26> (M_s+L_5)+
+2b%> (M_; — L_1) CB — 4b*C9B.

For the series (1,m) a proof is given in ref.[8]. At
general (m,n) the statement is most certainly also
true (B.Feigin, private communication). Cohomology
classes of Hp, ,0,,, were discovered in [9, 10] and
are called the “discrete states”. Although the generic
form of the operators H,,, is not known to us, the
normalization is supposed to be fixed as Hp, =
=Yt (M )™ R (=L 4)* + ... Apparently

(aHm,n - QRm,n) G)m,n: (éﬂm,n - Q_Rm,n) Gm,nz()’
(36)

where R, , is again a graded polynomial in M,,, L, and
ghosts.
Proposition 2:

Dm,nl_)m,n@;n,n =
= (aHm,n - QRm,n) (éﬂm,n - QRm,n) Q;n,na (37)

where O, , = ®n, ,V,, , and V,  is from eq.(17)

We verified the Statement 2 directly for (m,n) =
= (1,2) and (1,3). Thus, general case might require
modifications. Combined with HEM (19) it permits us
to replace eq.(32) by

B;1, / 0B (Ol (@) W (1) W (22) W (23)) &,
(38)

where O}, = HpnHppa®),,. This is hence re-
duced to the boundary integral and the so-called cur-
vature contribution. The boundary consists of small
circles 9I'; around the W-insertions. To evaluate
the boundary terms we need to understand better
the short-distance behavior of the operator product
O (€)W, (21). Presently we discuss only the curva-
ture term.

6. Curvature term
The curvature term comes from the fact that the op-

erator O! . is not exactly a scalar ((0,0) form) but a

m,n
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logarithmic field. Under conformal coordinate transfor-
mations ¢ — y it acquires an inhomogeneous part

Omn(y) = O n(2) — Apy nOm (@) log [ya|,  (39)
where
Om,n = Hm,nﬂ-m,n(;')m,n (40)

is the ground ring element (see below) and

d
A = %AI(IL) la=apm,. = mb ™" +nb. (41)
This subtlety is can be treated in two ways. First, it
is easy to show that on the sphere the transformation
(39) leads to the following behavior of the correlation
function with Oy, ,,(z) at £ — oo

<O;n,n($)Wa1 (wl)Waz ($2)Wa3 ($3)> ~
~ _A;n,n log(:c:E) <Om,nWa1 Wag Waa) .

Therefore the curvature contribution can be included as
a boundary term 9T, at oco. Its is evaluated as

1
2i
F2) A

0 (Ol (€)Way (21) Way (22) Wa, (23)) dz =

=mA,  (OmnWa,Wa, W) . (42)

Another trick, which is easier generalized for more com-
plicated surfaces, is to keep trace of the background met-
ric gop = €7d,4p. Since the scale factor o(z) transforms
as

o(y) = o(z) — 2log |y, |
under conformal maps, the combination
Opn(®) = O n(2) = ALy 10 (2)Omn(2) /2 (43)

is a scalar (the dependence on the background metric is
the price to pay). Thus, in the BRST invariant environ-
ment equation (37) can be rewritten as

!

1~ Al
Bm,nUm,n = \//5 (ZAO;n,n — ROm,n> + exact,

8

where A is the covariant Laplace operator with respect
t0 ggp and R is the corresponding scalar curvature. On
a sphere the contribution of the second term apparently
reduces to (42).

At this step it is clear that better understanding of
the ground ring structure in GMG, in particular the eval-
uation of the expectation value in the right hand side of
eq.(42), is of importance in the program.
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7. Ground ring in GMG

It has been discovered in refs.[9, 10] that in MG the
degenerate fields ®,, , of GMM, when combined with
the degenerate exponentials Vi, , of the corresponding
LFT, give rise to non-trivial BRST closed operators (40)
with ghost number 0 and conformal dimension (0,0).
Some of these operators were evaluated explicitly in [8].
The spatial derivatives 80,y , and 80,, ., are exact (36)
and therefore the correlation functions of these discrete
states in the BRST closed environment do not depend
on their positions. Moreover, as the BRST cohomology
classes they form a closed ring under the operator prod-
uct expansion called the ground ring. This observation
led E.Witten [10] to conclude that this structure plays
a crucial role in the structure of MG and probably the
whole algebraic structure of the theory is in fact that of
the ground ring. In this section we present few explicit
calculations revealing the GR properties. Cohomology
properties of O, , are relevant only in a Q-invariant
environment. The simplest invariant state on a sphere
is created by three operators W,. For this reason we
perform actual calculation of the correlation function of
(OmnWea,Wo,W,,) on a sphere with three generic W,
insertions.

Modulo exact forms the discrete states Oy, , act in
the space of classes W,. This is because their action
doesn’t change the ghost number and generically all non-
trivial classes are exhausted by the composite fields W,
with different a. Moreover, due to the decoupling re-
strictions in the OPE of the degenerate fields ®,, , and
Vm,n With the primaries ®, and V, respectively, the gen-
eral structure of the operator product O, (z)W (a) is
doomed to have the form

(m,n)
OmaW(a) = Z Ag’}’")W(a + Ars) +exact, (44)

7,8

with some numerical coefficients A{™™ . Our first aim
is to evaluate them.

It is instructive to perform explicit calculations in
the simplest case (m,n) = (1,2). The special operator
product expansions we need in this case are (13) and

Vi2(4)Va(0) = C (@) 98)® [Vaosja] +
+C® (@) 7)Y Vaysya)
where
. y(2ab— b2 —1)
v(=b%)  7v(2abd)

It is easy to verify by explicit calculation (at least at the
primary field level) that in the product U, = ®,_;V, the

cM@)=1; ()=
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action of Hy > and H; » eliminates the “wrong terms”
with the combinations ®, 4/2V, 5/2 and ®, 352V, 142
and we are left with

O1,,W (a) = AS2)W (a — b/2) +
+ A((ff)W(a +b/2) + exact, (45)

with
A8 = (1-2ab+ 82 C™ (@ -b)CM(a), (46)
AP = (1-2ab+6)* M (a -

The polynomial multipliers in the coefficients are the re-
sult of the action of Hy > on the corresponding terms
in the expansion of ©j2(z)W,(0). Similar calcula-
tion can be directly performed for the action of every
®,, ». We calculated these polynomials also for the case
(m,n) = (1,3) and verified that the result is summarized
as follows

N(a+ M) Al™ = A nlN(a), (47)
where
A = (YEWY (62 (0 =) %) Bru N (am, )
(48)

and B, , are the same as in eq.(20).

It seems tempting to simplify these relations by in-
troducing the renormalized fields W(a) as in eq.(30) and
Omm = AL Om.n so that (44) is reduced to

("’ﬂ")
OmaW(a) = Y W(a+A,,). (49)
8.‘Discussion

This is basically what has been figured out pre-
viously on the basis of more general arguments [11].
Here we arrive at this expression by a direct calcu-
lation. Another important difference is that we con-
sidered the action of O, , on a cohomology W, with
generic a. It is natural to expect, that the relations (49)
are modified when specialized to the degenerate fields
Wonn = CC®,, Vin n with vanishing null vector in the
degenerate matter sector. Although the effect most prob-
ably might be simply the proper truncation of the sum in
eq.(49) implied by the fusion algebra of the degenerate
fields, technically the limit a — @,,,_, in this expres-
sion turns out to be subtle and requires more careful
analysis. Therefore, in this article we restrict ourselves

with the case of generic values of a leaving the degen-
erate cases for further study. This is basically sufficient
to our subsequent treatment of the integral (32) with
generic non-degenerate values of a1, as and as.

The simple action (49) naturally implies the follow-
ing structure of the ground ring algebra

[m,m'] [n,n']

OmnOmw = Y, > Ou, (50)
ok

where the symbol 3°I"™ implies the sum over k =
= {min(|n —n'|,0): 2: n +n'}. Or, if you like better
to follow [11] and introduce X = O1,3/2andY = O31/2

Om,n = Um-1 (Y) Un—l (X) ’ (51)

where U, (z) are the Chebyshev polynomials of the sec-
ond kind.
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